
> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 
 

1 

 
Abstract—This paper introduces a new torque vectoring (TV) 

algorithm with regards to enhancing the cornering performance of 
the electronic-four-wheel drive (e-4WD) vehicles. The proposed TV 
algorithm aims to distribute the in-wheel motor (IWM) torques to the 
left and right wheels assisting the vehicle in following the driver’s 
intended trajectories. The proposed TV algorithm first included a 
yaw rate controller reference for neutral-steering which leads to the 
improvement of vehicle cornering agility. Thereafter, in-vehicle 
sensors and a standalone global positioning system (GPS) combined 
with a smooth sliding mode controller (SMC) were used based on a 
vehicle bicycle model to generate desired yaw moment values to track 
the reference. Finally, a novel torque distribution algorithm using the 
Daisy-chaining allocation, which is suitable for redundant actuator 
configuration, was utilized. Noteworthy, the Daisy-chaining allocation 
algorithm takes into account a torque operation area with maximum 
IWM torque. In this manner, based on the vehicle bicycle model and 
using the CARSIM interface, the simulations, evaluation and 
verifications of the proposed control technique were done. Thereafter, 
considering a real-car based experiments with various driving 
scenarios, the effectiveness of the proposed TV algorithm was 
evaluated. It was confirmed that some evaluation factors in terms of 
the cornering performance were improved. The following main 
contributions makes the proposed TV algorithm be a meaningful 
solution to enhance the cornering performance of e-4WD vehicles: 1) 
improvement of both smoothness and convergence rate of control 
action, 2) a practical and intuitive way to distribute IWM torques, and 
3) high applicability to mass-produced vehicles. 
 

Index Terms— Torque vectoring, electronic-four-wheel drive 
system, sliding mode controller, in-wheel motor, Daisy-chaining 
allocation 
 

I. INTRODUCTION 

TV system of a vehicle, which varies torques to each 
wheel independently, aims at both improved traction and 

 
Copyright (c) 2015 IEEE. Personal use of this material is permitted. 

However, permission to use this material for any other purposes must be 
obtained from the IEEE by sending a request to pubs-permissions@ieee.org.  

G. Park and S. B. Choi are with the Department of Mechanical Engineering, 
Korea Advanced Institute of Science and Technology (KAIST), Daejeon 34141, 
Korea (e-mail: giseo123@kaist.ac.kr; sbchoi@kaist.ac.kr). 

K, Han is with the Department of Aerospace Engineering, University of 
Michigan, Ann Arbor 48109, USA (e-mail:kyoungsh@umich.edu). 

K, Nam is with the Department of Mechanical Engineering, Yeungnam 
University, Gyeongsan 38451, Korea (e-mail:khnam@yu.ac.kr). 

H, Kim is with the Department of Automotive Systems Engineering, 
University of Michigan-Dearborn, Dearborn 48128, USA 
(e-mail:castlek@umich.edu). 

handling performances [1]. The difference between left and 
right hand side torques by this TV system can assist the vehicle 
in following the driver’s intended line. In keeping with 
consumers’ growing demand for high-performance vehicles, 
TV system is considered a beneficial chassis control system for 
vehicle cornering performance [2].  
To overcome some limitations of the already mass-produced 

active differentials for TV system (e.g. slow response time and 
environmental friendliness [3]), electric drivetrains have been 
widely investigated [4]. Over the last few decades, several 
automobile companies have introduced IWMs with many 
advantages [5]. 1) The precise torque generation from IWM 
improves the performance of chassis control systems, such as 
anti-lock brake systems and traction control systems. 2) Both 
forward and reverse torques can be generated. 3) High transfer 
efficiency of IWM torque is possible due to the absence of 
mechanical backlash and compliance effects of the driveshaft 
[5, 6]. These advantages motivate the use of IWM in TV 
system. 
In previous papers, state-of-the-art TV algorithms are 

suggested. In [1], an allocation algorithm for optimal torque 
distribution is proposed. However, an offline optimization 
procedure has to be involved in this logic. In [2], integration of 
yaw rate and sideslip controllers based on the phase-plane 
analysis is suggested to allow sustained high values of the 
sideslip angle. Also, an algorithm with the constrained 
optimization of tire force is found in [7]. However, the 
feedback errors from the estimated sideslip angle may cause 
stability issues in these algorithms. An integral SMC which is 
supposed to be robust to tire model uncertainty is developed in 
[8], but it may have to worry about chattering issues of SMC. 
An optimal torque vectoring based on the linear matrix 
inequality is presented in [9]. However, the computational 
burden problem may arise in this algorithm. In [10], an 
algorithm involving the human behavior model is suggested, 
but it requires a large amount of road preview data. Also, TV 
algorithms based on a proportional-integral (PI) feedback 
controller with feedforward term are proposed in [11] and [12], 
but, the torque distribution method considering the limit value 
of IWM torque is not presented. 
Considering the limitations of these previous studies, the goal 

of this paper is the development of a practical TV algorithm. 
Also, the proposed algorithm is mainly aimed at improving the 
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cornering performance on the road surface of high tire-road 
friction coefficient (TRFC), such as dry asphalt. 
The overall system configuration is illustrated in Fig. 1. The 

target vehicle is an e-4WD system that two IWMs of the front 
wheels coexist with mechanical driveline devices (the internal 
combustion engine, the automatic transmission, and the open 
differential). Some easily available in-vehicle sensors are 
utilized, and a standalone GPS to measure the vehicle 
longitudinal velocity is additionally included in the sensor 
configuration.  
A control target, yaw rate reference leads to neutral-steer 

characteristics so that the driver’s fun-to-drive can be attained 
in a quantitative aspect while improving the vehicle cornering 
agility [13, 14]. The novelty distinguishing the suggested 
algorithm from the previous torque vectoring algorithms is the 
development of both smooth SMC for yaw rate control and new 
torque distribution method based on Daisy-chaining allocation. 
Accordingly, the main contributions are summarized as follows. 
1) Smooth SMC with the feed-forward term actively reflecting 
the yaw rate reference improves both convergence rate of 
control action and vehicle cornering agility. 2) Novel 
Daisy-chaining allocation to distribute IWM torques is 
practical and intuitive method aimed at real-car application. In 
particular, it elaborately reflects both the characteristics of 
IWM and the tire friction circle. 3) Thanks to simple structure, 
the overall algorithm can be easily implemented with very little 
computational burden. 
This paper is comprised of seven sections. In Section II, the 

vehicle bicycle model is described. Section III deals with the 
controller design. To follow the desired yaw moment, the 
torque distribution algorithm is developed in Section IV. Also, 
simulation and experiment results are evaluated to validate the 
proposed algorithm in Sections V and VI, respectively. Lastly, 
the conclusions of this paper are presented in Section VII. 
 

II. VEHICLE BICYCLE MODEL 

In this section, the vehicle bicycle model considering the 
vehicle dynamics on only the yaw plane are introduced. As 
shown in Fig. 2 (a), the bicycle model (also called the 
single-track model) combines the tire forces of both sides at the 
center line [15]. Thus, the left and right tire forces are not 
considered separately in this vehicle model. Since the wheels 
are assumed to be located at the center line, the lumped lateral 
tire forces, i.e. 𝐹 𝐹 , 𝐹 ,  and 𝐹 𝐹 , 𝐹 ,  
are expressed in the front and rear tire coordinate frames, 

respectively. Also, in the vehicle body coordinate frame, the 
moment and lateral force balance equations are derived as  

z yf f yr r zI r F l F l M                               (1) 

y yf yrma F F                                   (2) 

where the lateral acceleration at the vehicle center of gravity 
(CG) 𝑎  is 

y y xa v rv  .                                      (3) 

Here, 𝐼  is the vehicle yaw moment of inertia; 𝑟 vehicle yaw 
rate; 𝑀  the additional yaw moment; and 𝑚 the total mass of 
the vehicle. Also, 𝑣  and 𝑣  are the vehicle longitudinal and 
lateral velocities; and 𝑙  and 𝑙  the CG-front and CG-rear axle 
distances, respectively: 𝐿 𝑙 𝑙 . 

In case of the small vehicle sideslip angle 𝛽 
𝑡𝑎𝑛 𝑣 /𝑣 𝑣 /𝑣 , the front and rear tire slip angles 𝛼  
and 𝛼  in tire coordinate frames are defined as follows: 
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.        (4) 

Here, 𝛿  is the front steering angle converted from the steering 
wheel angle 𝛿  with a constant gear ratio 𝐺𝑅 . Assuming 
that the lateral tire forces are linearly proportional to the tire slip 
angles ( 𝐹 𝐶 𝛼  and 𝐹 𝐶 𝛼 ) and 𝑣  changes 

slowly (i.e. 𝛽 𝑣 /𝑣 ), the state space forms of the bicycle 
model are derived from Eqs. (1)-(4): 

2
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               (5) 
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            (6) 

 
Fig. 1. Overall system configuration. 

 
(a) 

 
(b) 

Fig. 2. Model description: (a) Vehicle bicycle model and (b) Lateral tire force
model. 
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where 𝐶  and 𝐶  are, respectively, the tire cornering stiffness 
values of the front and rear axles. As shown in Fig. 2 (b), 𝐶∗ can 
be expressed as the sum of nominal part 𝐶∗  and unknown 
variable ∆𝐶∗. Generally, the steady state of the bicycle model is 
considered the yaw rate reference of vehicle cornering (i.e. 𝛽
0 in Eq. (5) and 𝑟 0 and 𝑀 0 in Eq. (6)). It includes the 
driver’s steering and velocity commands as well as the 
under-steer gradient [16, 17]: 

, 2
x

ss bic f
v x

v
r

L K v



                              (7) 

where the under-steer gradient is  
( )r r f f f

v
f r y

m l C l C
K

LC C a

 
 


.                     (8) 

According to the value of 𝐾 , the steering characteristics at the 
steady state cornering can be classified (𝐾 0: under-steering 
( 𝛼 |𝛼 | ), 𝐾 0 : neutral-steering ( 𝛼 |𝛼 | ), and 

𝐾 0: over-steering ( 𝛼 |𝛼 |) [10, 18]. 
 

III. CONTROLLER DESIGN 

The block diagrams of the overall algorithm are illustrated in 
Fig. 3. Here, the extended Kalman filter (EKF) based on the 
bicycle model having the state vector 𝛽 𝑟 ∆𝐶 ∆𝐶  is 
utilized to estimate the sideslip angle 𝛽 (detailed explanations 
are introduced in [15]). Since the unknown variables ∆𝐶∗ are 
simultaneously estimated by this EKF, the estimated cornering 
stiffness values of the front and rear axles can be utilized:  

0
ˆ ˆ  f f fC C C                                (9) 

0
ˆ ˆ  r r rC C C .                                (10) 

 

A. Reference Model 

Due to safety issues, most commercial vehicles should never 
be designed to have over-steer characteristics at the steady state 
cornering [16]. For this reason, some yaw rate controllers select 
𝑟 ,  in Eq. (7) with a positive 𝐾  as a reference model [3, 6, 7, 
10, 16]. On the other hand, to allow slightly more aggressive 
cornering, the yaw rate reference aims to be close to the 
neutral-steer characteristics (𝐾 → 0) in this paper. Therefore, 
it is expected that the difference between slip angles of the front 
and rear tires can certainly be reduced. With the first order filter 
reflecting the time lag of the steering apparatus, the yaw rate 
reference is derived as the following equation: 

( )
( 1)




x cmd
d

s s

v
r s

L s GR




                        (11) 

with |𝑟 | 𝜇𝑔/𝑣 . 
Here, 𝜏  is the time constant parameter (by analyzing the time 
delay between 𝑟 and 𝛿 , 𝜏  0.05 s is chosen in this paper). 
The reference in Eq. (11) is completely free from the value of 
tire cornering stiffness. The estimation of TRFC 𝜇  is 
introduced in many existing research (e.g. dynamic-based 
methods [19, 20], and combined slip-based methods [21, 22]). 
 

B. Smooth Sliding Mode Controller 

The striking feature of SMC is its robustness with respect to 
unmodeled dynamics, parametric uncertainties and external 
disturbances [23]. However, the chattering issue of general 
SMC makes the vehicle ride comfort deteriorate severely in 
real-car application (the chattering issue also has an adverse 
effect on the durability of IWM systems). Hence, the smooth 
SMC proposed in this section replaces the signum function 
sgn ∙  of the general SMC with the saturation function sat ∙ . 
To track the yaw rate reference, the smooth SMC is designed as 
the following. Firstly, consider the sliding variable:  

de r r  .                                  (12) 

Then, let 𝑒 be the saturation function as follows:  
( / )Pe sat e                                 (13) 

where 
1               (  < )

( / ) /      ( )

1          ( )

e

sat e e e

e


   




   
   

. 

At this point, 𝜆  is the positive proportional gain of the 
feedback term and 𝜙 is the positive saturation boundary of the 
sliding variable, respectively. From the derivative of Eq. (12), 
the error dynamics can be rewritten as follows. 

2 2

, ( , , )

r r f f f f r r

z z x

f f z unc fz
f d

z z z

C l C l C l C l
e r

I I v

C l M rM
r

I I I



 


 
 

   





      (14) 

Here, 𝑀 , , a function of 𝑟, 𝛽 and 𝛿  is an uncertainty part of 
yaw moment mainly composed of lateral tire forces, 
self-aligning torques, and external disturbances. From the 
analysis in extreme driving conditions, the range of 𝑀 ,  can 
be roughly determined [8]: 𝑀 , 𝑀 , _ . 

 
Fig.3. Block diagrams of the overall algorithm. 
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By substituting Eq. (13) into Eq. (14), the error dynamic 
equation is completed. Unlike the design process of general 
SMC, this paper suggests that the reference 𝑟  replaces the state 
𝑟 in Eq. (14). This is to actively utilize 𝑟  to generate a larger 
amount of feed-forward yaw moment. In doing so, the control 
input is derived as follows. 

2 2

, ( )

( / )

f f r r
z des r r f f d

x

f f f z d p z

C l C l
M C l C l r

v

C l I r I sat e



  


   

  

          (15) 

To prove the stability of Eq. (15), a Lyapunov function 
candidate 𝑉 𝑒 , which is lower bounded, and its time derivative 
are given as follows. 

2( ) (1 / 2) V e e                             (16) 

( )   V e e e                                       (17) 

Substituting Eq. (14) into Eq. (17) yields Eq. (18). 
2 2

2
,

1
( ) ( / )


     

 f f r r
p z z unc

z x z

C l C l
V e e I sat e M e

I v I
     (18) 

If 𝜆 𝐼 𝑀 , _ , there is no region of 𝑒  that always 
satisfies 𝑉 𝑒 0.  
On the other hand, if 𝜆 𝐼 𝑀 , _ , 𝑉 𝑒 0 (i.e. 𝑉 𝑒  

is negative semidefinite) is always satisfied in the region |𝑒|
𝜙 , as shown in Fig. 4: 𝑀 , _ 2000 𝑁𝑚  and 𝜆
𝑀 , _ /𝐼 0.62  in this paper. Therefore, 𝑒  can be 
ultimately bounded by 𝜙. Hence, if 𝜙 → 0, it can be shown that 
the tracking error 𝑒 converges to 0 as 𝑡 → ∞ [23].  
Considering that a high-gain feedback with too small 𝜙 may 

noticeably degrade the smoothness of the control action, an 
appropriately small value is selected as the boundary 𝜙  by 
cost-optimization techniques for gain tuning offline [24] (in 
this paper, 𝜙 0.04).   

In addition, it should be noted that replacing 𝑟 in Eq. (14) 
with 𝑟  eventually generates the negative term 𝐶 𝑙
𝐶 𝑙 𝑒 / 𝐼 𝑣  of 𝑉 𝑒 , which contributes to increasing the 
convergence rate of 𝑒 in the region |𝑒| 𝜙. In other words, the 
resulting feed-forward term 𝐶 𝑙 𝐶 𝑙 𝑟 /𝑣  in Eq. (15) can 
improve both smoothness and convergence rate of control 
action. 
 

IV. TORQUE DISTRIBUTION 

To generate the actual yaw moment corresponding to 𝑀 , , a 
method to distribute 𝑇 ,  to each front wheel is presented in 
this section. In the case of existing methods for IWM torque 
distribution [1, 2, 3, 5, 6, 7, 8, 9, 10], the torque operation area 
is described only briefly. Also, some papers [1, 7, 8, 9] suggest 
torque distribution algorithms using an optimal allocation 
technique with constraints. However, to implement these in 
real-time, a numerical solver may cause relatively heavy 
computational burden because it runs iteratively several times 
per sample time. Under the condition that the control actuators 
are only two IWMs, a more practical and intuitive distribution 
method without any iterative calculation process would be 
appropriate for real-car application. 
 

A. Maximum In-Wheel Motor Torque 

The maximum IWM torques have to be determined from the 
tire friction circle. Firstly, the vertical tire forces at each front 
wheel can be expressed as follows: 

,

,

1 1

1 12 2 2

z fl yr x

rz fr

F mhal mhamg

lF L L t

        
                

          (19) 

where ℎ  is the height of CG; 𝑡  track width; and 𝑎  the 
longitudinal acceleration at CG, respectively. Then, in order to 
obtain the lateral tire forces of the front left and right wheels, 
their ratio 𝐹 , /𝐹 ,  and sum 𝐹 𝐹 , 𝐹 ,  are utilized. 
From Eq. (1) and Eq. (2), 𝐹  can be obtained as 

,r y z z des
yf

ml a I r M
F

L

 



.                     (20)  

From the equations of the lateral tire forces of front wheels in 
[6], their ratio is derived as follows: 

, ,

, ,

/
/ 2 / 2

y fl z fl x f x f
f f

y fr z fr x x

F F v rl v rl

F F v rt v rt

 
 

    
            

.     (21) 

With the sum 𝐹 , 𝐹 ,  and 𝐹 ,  are obtained as 

, , ,/ (1 / )y fl yf y fr y flF F F F                        (22) 

, , ,/ (1 / )y fr yf y fl y frF F F F  .                     (23) 

 
Assuming that 𝐹  without braking is 𝑇 /𝑅 , the maximum 
IWM torque from the tire friction circle is 𝑅 𝜇 𝐹 𝐹 .  
Another point to be noted is the T-N (torque-rotational speed) 

curve of IWM. this T-N curve presents an inverse relationship 
between the maximum available motor torque 𝑇 _  and the 
wheel speed 𝑣 . In summary, the maximum IWM torque of 
each wheel is as follows (𝑖 𝑓𝑙, 𝑓𝑟): 

2 2 2
_ max, , , _ ,min( , )m i e z i y i m TN iT R F F T  .         (24) 

Here, 𝑇 _  in Eq. (24) is regarded as a positive limit value 
considering both the electrical characteristics of IWM and the 
physical tire characteristics.  
The state of charge of IWM battery can be recharged during 

most regenerative braking with a negative IWM torque [25, 26]. 
To avoid excessive overcharging of battery, it is recommended 
that the maximum regenerative torque 𝑇 , _ , i.e. the 
negative limit value be set strictly, even if the maximum 

 
Fig.4. Visualization of feedback term 𝜆 𝐼 sat e/𝜙 . 
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available yaw moment becomes small (𝑇 , _  is set to be a 
constant value of -200 Nm in this paper). Finally, the maximum 
available yaw moment is designed as follows. 

_ max, , _ max, ,
_ lim

_ max, , _ max,

( ) / (2 )    I  0

( ) / (2 )         

m fr m reg fl e z des
z

m fl m reg fr e

t T T R f M
M

t T T R otherwise

   
(25) 

  For safety reasons, the desired yaw moment 𝑀 ,  is limited 

to the following range: 𝑀 , ~ 𝑀 _ , 𝑀 _ .                                                                                    
 

B. Daisy-Chaining Allocation 

In the torque distribution between the two IWMs of the front 
wheels, it is desirable to operate only positive IWM torque: a 
large negative IWM torque at high wheel speed may cause 
deterioration of IWM durability [5]. However, in situations 
when a large amount of yaw moment is urgently required, use 
of both positive and negative IWM torques within the torque 
operation area is allowed. Daisy-chaining method for redundant 
actuators, which was first introduced in [27], is a quite effective 
allocation method to meet these requirements. Its key idea is 
described in the following. The relationship between the virtual 
𝑣 and actuator inputs 𝑢 is given as follows. 

1 1 2 2 M Mv B u B u B u                          (26) 

If 𝑣 is not satisfied by the first input 𝑢 , the second input 𝑢  is 
generated to satisfy the remainder. In the same way, more than 
two inputs can be allocated to satisfy the virtual input. 
Therefore, the expressions of the conventional Daisy-chaining 
allocation are as follows: 
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1
1 1

1
2 2 1 1

1
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( )

( )
M

u

u

M

M u M k k
k

u sat B v
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u sat B v B u












 

 
   

 


 .                      (27) 

In this section, the existence of the tuning parameter 𝛼 makes 
a difference from the conventional Daisy-chaining allocation 

method. Figures 5 (a) and (b) show the structures of torque 
distribution based on conventional and proposed 
Daisy-chaining allocation methods, respectively. This 𝛼 ∈
𝛼|0 𝛼 1  in Fig. 5 (b) determines when the second input 

𝑢  will intervene. 
Specifically, consider the situation when 𝑀 , 0. If 𝑣

𝑀 ,  requires a value less than α𝑀 _ , only the first input 
𝑢 𝑇 , _  is allocated. Conversely, if 𝑣 α𝑀 _ , IWM 
torque corresponding to α𝑀 _  is allocated to 𝑢
𝑇 , _  in advance. Then, to generate the additional yaw 
moment as much as the remaining 𝑣 𝛼𝑀 _ , 𝑇 ,  
corresponding to the remaining 𝑣 𝛼𝑀 _  are divided into 
the left and right wheels with the same magnitude and different 
sign. In the case that 𝑀 , 0, 𝑣, 𝑢 , 𝑢  is converted to 

𝑀 , , 𝑇 , _ , 𝑇 , _  and the same procedure as above 
is performed. Based on these findings, the torque distribution 
with the proposed Daisy-chaining allocation is derived as  

_ lim , , _ lim

, _ _ lim ,

, _
, _ lim

_ lim , _ lim ,

( ) /        ( )

2 /               ( 0)
T

      0                                  (0 )

( ) /         (

e z z des z des z

e z des f z z des

m des fl
z des z

e z z des z z

R M M t M M

R M t M M

M M

R M M t M M
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      (28) 

_ lim , , _ lim

_ lim ,

, _
, , _ lim

_ lim , _ lim ,

( ) /       ( )

       0                             ( 0)
T

2 /                    (0 )

( ) /        ( )

e z z des z des z

z z des

m des fr
e z des z des z

e z z des z z des

R M M t M M

M M

R M t M M

R M M t M M

 



 

  
  


 

 








.    (29) 

In the torque distribution of IWM, the advantages of the 
proposed Daisy-chaining allocation method in comparison with 
the conventional one are summarized as follows.  
1) By adjusting 𝛼, it is possible to freely tune the timing of the 

negative IWM torque intervention.  
2) The greater the magnitude of the sum of torque inputs, the 

greater the intervention in the change in vehicle longitudinal 
velocity, regardless of the driver’s pedal command. As shown 
in Figs. 5 (c) and (d), the magnitude of the sum of torque inputs 

 
Fig. 5. Torque distribution based on Daisy-chaining allocation. Algorithm structure: (a) Conventional and (b) Proposed methods. Sum of torque inputs: (c)
Conventional and (d) Proposed methods. 
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in each Daisy-chaining allocation is as follows (if 𝑀 , 0, 
𝑖 𝑓𝑙 and otherwise,  𝑖 𝑓𝑟). 

1 2 _max, ,Conventional:   2 /m i e z desu u T R M t           (30)  

1 2 ,limProposed:   2 /e zu u R M t                            (31) 

In case of 𝛼 _ ,

,

,

,
, Eq. (31) becomes smaller 

than Eq. (30). This is an advantage of the proposed allocation: it 
is less involved in the longitudinal velocity command of the 
driver. 
 

V. SIMULATION STUDY 

Prior to the experiments, simulation studies were conducted to 
verify the superiority of the proposed SMC algorithm. 
CARSIM, the vehicle dynamics software, and 
MATLAB/Simulink are utilized. The used vehicle model was 
an E-class sedan with the parameters of an actual luxury sedan: 
a Hyundai Genesis DH (refer to Table I). The powertrain 
architecture was a 4WD system consisting of IWMs in the front 
wheels and an engine driving the rear wheels. The tire model 
used was the Magic Formula tire model [28]. To fully exploit 
the potential of simulation, this TRFC is given as 𝜇 0.7 in 
this section. 
 

A. Modeling of In-Wheel Motor System 

Both mechanical and electric equations of the IWM system 
are given as follows: 

, ,w eq m w eq m m distJ w B w T T                     (32)  

  
m m m m m b mL i R i v k w                        (33) 

where the IWM torque 𝑇 , ground disturbance torque 𝑇  and 
the motor angular speed 𝑤  are as follows, respectively: 

m t mT Nk i                                        (34) 

( )dist e x rr zT R F F                        (35) 

 /m e ww N R v .                             (36) 

Here, 𝑁 is the total gear ratio of IWM (given as 8.74); 𝑘  the 
motor torque constant; 𝑖  the motor current; 𝐿  the motor 
inductance; 𝑅  the motor resistance; 𝑣  the motor voltage; 𝑘  
the flux linkage; and 𝜇  the rolling resistance coefficient of 
tire. Also, 𝐽 ,  and 𝐵 ,  are the moment of inertia and 
damping coefficient of the IWM system, respectively.  
To model the IWM torque 𝑇  in a loading situation, the 

transfer function between the desired and the actual IWM 
torques in the unloading test is preferentially derived by the 
empirical transfer function estimation (ETFE) [29]: 

,

( )
( )

( )
 m

unload
m des

T s
H s

T s
.                             (37) 

In this unloading test free from the ground disturbance torque, 
data in the relatively high frequency domain over 5 Hz are not 
used for ETFE. As shown in Fig. 6, the estimated 𝐻 𝑠  
indicated by the blue solid line is closely matched to actual data 
under the 5 Hz frequency range. Lastly, in a loading situation 
involving the ground disturbance torque 𝑇 , the IWM torque 

𝑇  can be modeled by using Eqs. (32)-(37): 

 ,
, ,

( ) ( ) ( ) ( )
( )


 
   
  

dt s b
m unload m des dist

w eq w eq

k
T s e H s T s T s

J s B C s

                                                                                              (38) 
Here, 𝐶 𝑠  is the transfer function of the motor current 
controller (e.g. PI feedback type). A pure delay of 𝑡  is caused 
by the gear backlash and the communication delay (𝑡 0.02 s 
in this paper). Finally, 𝑇  generated from Eq. (38) is directly 
applied to the simulation vehicle.  
 

B. Double Lane Change Test 

A double lane change test, known as a representative method 
for evaluating vehicle cornering performance in extreme 
steering maneuvers, is performed on the simulation. Figure 7 (a) 
shows both the severe steering command and longitudinal 
velocity decelerating slowly from 80 km/h. Since the 
conventional controller (a proportional-integral-derivative 
(PID) controller tuned with the highest priority of yaw rate 
control accuracy) is also accompanied by same torque 
distribution algorithm, it is possible to clearly confirm the 
advantages of the smooth SMC compared with PID controller. 
These are as follows. 
1) As shown in Fig. 7 (b), due to the feed-forward term, the 

proposed SMC leads to smoother and larger 𝑀 ,  than the 
conventional one. In the case of the conventional PID controller, 
if P gain is further increased to increase the amount of desired 
yaw moment, the oscillatory torques of the conventional 
controller shown in Figs. 7 (c) and (d) are expected to become 
even more severe. 
2) It can be seen in Fig. 7 (e) that the proposed SMC exhibits 

higher lateral acceleration under the same steering command 
due to larger 𝑀 , . This implies that the proposed SMC leads 
to higher vehicle cornering agility.  
In a driving environment requiring high cornering agility, 

such as double lane change, these advantages of the proposed 
SMC algorithm can be of even greater benefit. Compared with 
other controllers except PID controller, the proposed smooth  

 
Fig.6. Bode plot of 𝐻 𝑠 . The black points and the blue solid line mean
the actual and the estimated 𝐻 𝑠 , respectively. 
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SMC, which actively utilizes yaw rate reference information, is 
expected to have superiority especially in the smoothness of the 
control action. 
 

VI. EXPERIMENTS 

The Hyundai Genesis DH (originally produced with a rear 
wheel drive system) equipped with IWM systems of the front 
wheels was used as an experimental vehicle. The maximum 
torque and power of the engine are 343.23 Nm and 211.5 kW, 
respectively. Excluding the total gear ratio 𝑁, those of IWM are 
74.7 Nm and 23 kW, respectively. 

In Fig. 8 (a), photographs of the experimental set-up are 
shown, such as experimental vehicle, standalone GPS, IWM, 
inverter, Micro-Autobox, Laptop, and RT3002 (for verification 
of sideslip estimation). This RT3002 from Oxford Technical 
Solutions is a high-precision differential GPS system, so that 
the sideslip angle measured by the RT3002 is regarded as an 
actual value. This device is located close CG of the vehicle. The 
standalone GPS receiver (to measure the vehicle longitudinal 
velocity) is mounted on the vehicle roof. The specifications of 
the experimental vehicle are presented in Table I. 
The sampling time of each sensor is 1 ms for RT3002, 10 ms 

for in-vehicle sensors, and 50 ms for standalone GPS. Then, on 
the controller area network (CAN), the overall algorithm built 
into the Micro-Autobox runs with a sampling time of 10 ms. 
Figure 8 (b) illustrates the schematic diagrams of experimental 
set-up.  
The driving test course on a high- 𝜇 road surface (𝜇~ 0.9 1 ) 

is located in the Hyundai-Kia R&D center, where GPS 
measurement is accurate due to the open-sky environment. 
Since the driver directly manipulates the vehicle without the 

steering and pedal robots, the driver can feel the difference 
while steering in accordance with whether the control is 
intervening or not. From the experimental results with and 
without the proposed TV algorithm, its effectiveness in various 
driving scenarios is evaluated. All tuning parameters are set to 
be constant values.  
 

(a) 

 
(b) 

Fig. 8. Experimental environment: (a) Photographs and (b) Schematic diagrams
of experimental set-up. 

Fig. 7. Simulation results of the double lane change test. 

TABLE I 
VEHICLE SPECIFICATIONS 

Parameter Quantity Value 

𝑚 Total vehicle mass 2280 kg 

𝑙  CG-front axle distance 1500 mm 

𝑙  CG-rear axle distance 1510 mm 

𝐼  Yaw moment of inertia 3234 kg ∙ 𝑚  

𝑅  Effective tire radius 335 mm 

ℎ Height of CG 550 mm 

𝑡 Track width 1600 mm 

𝐶  Tire cornering stiffness of 
front axle (nominal) 

140000 N/rad 

𝐶  Tire cornering stiffness of 
rear axle (nominal) 

150000 N/rad 

𝐺𝑅  Steering gear ratio 21.1 
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A. Circle Turn Test (Steady State Cornering) 

In the circle turn test, the driver manipulated the steering 
wheel to follow a circular track with a radius of 35 m. At the 
same time, by gradually stepping on the pedal from 20 km/h., 
the vehicle longitudinal velocity increased to 60 km/h. Figure 9 
depicts the circle turn test results according to whether the 
proposed algorithm is applied or not. In Figs. 9 (e) and (f), yaw 
moments (desired 𝑀 ,  and actual 𝑀 , 𝑡 𝑇 ,

𝑇 , / 2𝑅 ) and IWM torques of the front axle 𝑇 ,  and 
𝑇 ,  are presented, respectively. The proposed algorithm is 
activated after 3 s, and the left and right IWM torques are 
distributed within the torque operation area 
𝑇 , _ , 𝑇 _ . As the lateral tire force in the tire friction 

circle is saturated near 20 s, 𝑅 𝜇 𝐹 𝐹  is reflected in 
𝑇 _ , as shown in Fig. 9 (f).  

Figures 9 (c) and (d) show 𝐶  and 𝐶  estimated by the EKF, 
respectively. After 10 s, 𝐶  gradually decreases and this implies 
that the rear tire slip angle enters the tire nonlinear region. The 
magnitude of feed-forward term in 𝑀 ,  decreases gradually 
after 10 s and the feedback term generates most of 𝑀 ,  (see 
Fig. 9 (e)). From the desired and actual yaw rate signals in Figs. 
9 (g) and (h), the difference in tracking performance depending 
on whether or not the control is applied can be confirmed. 
As shown in Fig. 9 (e), within the low longitudinal velocity 

range between 5~15 s, the positive yaw moment improves the 
cornering agility with the actual yaw rate slightly exceeding the 
desired one. On the contrary, after 18 s (the high longitudinal 
velocity range), the negative yaw moment results in the 
enhancement of the cornering stability. 
It can be seen that the magnitude of the sideslip angle in Fig. 9 

(j) increases faster than that in Fig. 9 (i). This is further proof 
that the proposed algorithm leads to higher cornering agility 
with neutral-steering characteristics. As can be seen from the 
small difference between the estimated and actual values of the 
sideslip angle, the EKF has enough estimation accuracy to be 
utilized in the controller. 
 

B. Skidpad Test (Steady State Cornering) 

Next, the skidpad tests were performed to evaluate the vehicle 
behavior in the limit area of the tire grip; a vehicle driving on a 
circular track is slowly accelerated until the vehicle begins to 
slide out of the track. On the same circular track of the circle 
turn test, two skidpad tests having different initial steering 
wheel angles and initial longitudinal velocities were executed, 
respectively: 0 deg and 40 km/h in case 1 and 60 deg and 20 
km/h in case 2. In Fig. 10, the under-steer characteristic curves 
(steering wheel angle versus lateral acceleration) of the skidpad 
tests are presented, which is one of the well-known indicators to 
evaluate cornering performance [1, 7, 8]. 
The following points should be noted in Fig. 10. First, in the 

linear lateral acceleration range of 0.2 to 0.6 g, the under-steer 
gradient (i.e. ∂𝛿 /𝜕𝑎 𝐺𝑅 𝐾 ) with the proposed 
algorithm is the lowest among the three kinds of data (refer to 
Table II): the conventional algorithm is the PID feedback 
controller. This result is because the proposed algorithm can 
generate more responsive and larger 𝑀 ,  than the others due 
to the feed-forward term. Hence, the driver’s steering effort 
required to exhibit the same lateral acceleration is further 
reduced with the proposed algorithm. It also represents 
improvement in the vehicle cornering agility. 
Second, the maximum lateral acceleration 𝑎 ,  that can 

follow the circular track increases (refer to Table II). The 
reason is a yaw damping effect of 𝑀 ,  in the high lateral 
acceleration range (𝑎 0.8 𝑔). Therefore, even if the tire slip 
increases, 𝑀 ,  can prevent the vehicle from sliding out of the 
track. This increase of maximum lateral acceleration means that 
the lateral tire forces of each front wheel are used as much as 
possible. Through the circle turn and skidpad tests, it is 
confirmed that the proposed algorithm contributes to the 
improvement of overall cornering performance at steady state 
cornering. 
 

 

 
Fig. 9. Circle turn test results. Driver commands: (a) No control and (b)
Proposed control. Estimated tire cornering stiffness (proposed): (c) Front and
(d) Rear axles. (e) Yaw moment and (f) IWM torque with proposed control.
Yaw rate: (g) No control and (h) Proposed control. Vehicle sideslip angle: (i)
No control and (j) Proposed control. 
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C. Lane Change Test (Transient State Cornering) 

As shown in Figs. 11 (a) and (b), with an initial vehicle 
longitudinal velocity of 75 km/h, the single lane change 
maneuver was performed to change lanes at a constant distance. 
The magnitudes of the lateral acceleration for the lane change 
in Figs. 11 (c) and (d) are similar regardless of the presence of 
TV algorithm. However, in no control case of Fig. 11 (a), it is 
shown that the driver needs more steering effort.  
Figure 11 (h) shows IWM torques distributed to the left and 

right wheels appropriately within the torque operation area. As 
shown in Figs. 11 (i) and (j), the proposed algorithm improves 
the tracking performance of the yaw rate control. With the 
proposed algorithm, the yaw rate tracking becomes easier as the 
magnitude of the desired yaw rate 𝑟  decreases (due to a 
reduction of the driver’s steering effort). Also, the overshoots 
of the yaw rate at the cornering fade-out points near 9.3 s in Fig. 
11 (j) are attenuated compared with those near 7.3 s in Fig. 11 
(i). Similar to the results in the circle turn test, the estimated 
values of the sideslip angle are also accurate in this lane change 
test, as can be seen in Figs. 11 (k) and (L). 
A comparison of yaw rate gradient is presented in Fig. 12. 

Figure 12 (a) points out the steering wheel angle versus the yaw 
rate at the start of the lane change in Fig. 11: for 4.4 ~ 6.2 s (no 
control) and for 6 ~ 8.2 s (proposed). In addition, a lane change 
test with the conventional PID controller was performed. As a 
result, the proposed algorithm yields the lowest yaw rate 
gradient ∂𝛿 /𝜕𝑟 with high yaw rate responsiveness and lag 
compensation effect (refer to Table II).  
 

D. Sine Steer Test (Transient State Cornering) 

Another transient state cornering, sine steer tests were 
conducted, as shown in Fig. 12 (b). Tests were within the yaw 
rate range of -15 to 15 deg/s, maintaining a constant 
longitudinal velocity of 55 km/h. The yaw rate gradient 
∂𝛿 /𝜕𝑟 within the yaw rate range of -10 to 10 deg/s are 
illustrated in Fig. 12 (b): black solid lines (no control) and 
magenta dashed lines (proposed). Regardless of the sign of the 

steering angle rate, the proposed algorithm exhibits the lowest 
∂𝛿 /𝜕𝑟 among the three kinds of data, as shown in Table II. 
For visual reasons, the conventional PID controller is not 
displayed on Fig. 12 (b). 
This low ∂𝛿 /𝜕𝑟 has the effect of reducing the hysteresis of 

the yaw rate response. At yaw rate points of -13 and 13 deg/s, 
sharper changes of the sign of steering angle rate are shown. 
The results of the yaw rate gradient in Fig. 12 claim that the 
proposed algorithm is certainly effective in improving the 
vehicle agility at transient state cornering.  

 
Fig. 10. Under-steer characteristic curves of skidpad test results: (a) Case 1 and
(b) Case 2. The black dotted and the green dashed lines mean the under-steer
gradient ∂𝛿 /𝜕𝑎  and the maximum lateral acceleration 𝑎 , ,
respectively. 

 

 

 
Fig. 11. Lane change test results. Driver commands: (a) No control and (b)
Proposed control. Lateral acceleration: (c) No control and (d) Proposed control.
Estimated tire cornering stiffness (proposed): (e) Front and (f) Rear axles. (g)
Yaw moment and (h) IWM torque with proposed control. Yaw rate: (i) No
control and (j) Proposed control. Vehicle sideslip angle: (k) No control and (L)
Proposed control. 
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E. Closed-Loop Driving Test (Long Term Driving) 

The vehicle trajectories for this test are shown in Fig. 13, and 
there are some steep curve sections like usual racing courses (a 
maximum of 1 g of lateral acceleration is measured). Hence, it 
can be judged whether the proposed algorithm improves 
cornering performance even in a severe driving environment 
such as car racing. Some vehicle states and control results 
measured in this test are introduced in Fig. 14. As shown in Figs. 
14 (a) and (b), the driver attempted to have a similar 
longitudinal velocity profile for each run, so that a lap time of 
about 1 minute was recorded on each run. When similar values 
of 𝑎  exhibit, the proposed algorithm requires only a smaller 
steering effort, as seen in Figs. 14 (a)-(d).  
Also, it is confirmed in Figs. 14 (e) and (f) that stable torque 

distribution is achieved without any problems even if IWM 
torques are continuously generated for a relatively long time. 
On the other hand, in the case of the conventional PID 
controller, the driver has difficulty completing the driving 
course due to the severe oscillation of IWM torque.  
Lastly, in Figs. 14 (g) and (h), the root-mean-square error 

(RMSE) of yaw rate is reduced with the proposed algorithm 
(refer to Table II). From the results of the closed-loop driving 
test, it can be argued that the activation conditions, tuning gains 
and threshold values of the proposed TV algorithm are 
designed appropriately enough to be implemented for a 
relatively long time.  

VII. CONCLUSIONS 

This paper proposes a novel torque vectoring algorithm for 
e-4WD vehicles equipped with in-wheel motor systems. The 
goal of the algorithm is to follow a yaw rate reference with 
neutral-steer characteristics leading to improved cornering 
agility. In this manner, the desired yaw moment is derived by a 

 
Fig. 13. Vehicle trajectories for closed-loop driving test. 

 
Fig. 12. Results of yaw rate response: (a) Lane change test and (b) Sine steer
test. The black solid and the magenta dashed lines mean the yaw rate gradients
∂𝛿 /𝜕𝑟 in no control and proposed algorithm cases, respectively.  

Fig. 14. Closed-loop driving test results. Driver commands: (a) No control and
(b) Proposed control. Lateral acceleration: (c) No control and (d) Proposed
control. (e) Yaw moment and (f) IWM torque with proposed control. Yaw rate:
(g) No control and (h) Proposed control.  

TABLE II 
COMPARISON OF CORNERING PERFORMANCE 

Test 
Evaluation 

factor 

Controller 
No 

control 
Conventional 

PID 
Proposed 

SMC 
Skidpad 
(case1) 

𝐺𝑅 𝐾  [deg/g] 55.7 43.1 35.6 

𝑎 ,  [g] 0.87 0.91 0.93 

Skidpad 
(case2) 

𝐺𝑅 𝐾  [deg/g] 26.1 22.5 16.9 

𝑎 ,  [g] 0.88 0.91 0.93 

Lane change ∂𝛿 /𝜕𝑟 [s] 5.53 5.13 4.73 

 
Sine steer 

∂𝛿 /𝜕𝑟 [s] 
(𝛿 0) 

3.51 3.3 3.06 

∂𝛿 /𝜕𝑟 [s] 
(𝛿 0) 

2.98 2.91 2.75 

Closed-loop 
driving 

RMSE of  
yaw rate [deg/s] 

2.76 N/A 2.17 
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smooth sliding mode controller. Furthermore, the torque 
distribution method based on Daisy-chaining allocation is 
utilized, which cannot be found in existing TV algorithms.  
Through real car-based experiments with various driving 

scenarios on a high-  𝜇  surface, it is confirmed that some 
evaluation factors in terms of the cornering performance are 
improved over the conventional PID controller as follows: 
improvements by 17.4 % and 2.2 % respectively in under-steer 
gradient and maximum available lateral acceleration at steady 
state cornering and 7.8 % in yaw rate gradient at transient state 
cornering. Finally, the RMSE of the yaw rate tracking error in 
long term driving is reduced by 21.4 % compared to the 
uncontrolled case. The main contributions of this study 
distinguished from the existing studies are as follows. 
1) In the design process of the proposed smooth SMC, the 

feed-forward term actively reflects the yaw rate reference 
information to improve vehicle cornering agility. It also 
improves both smoothness and convergence rate of control 
action.  
2) Daisy-chaining allocation is a practical and intuitive way to 

apply to redundant IWM actuators. Especially, the torque 
operation area is clearly described, which takes into account 
both the electrical characteristics of IWM and the tire friction 
circle.  
3) Thanks to light computational burden, this algorithm is 

anticipated to be easily applicable to IWM-equipped vehicles to 
be mass-produced in the near future. 
In conclusion, this research demonstrates that the proposed 

torque vectoring algorithm can be a meaningful solution to 
enhance the cornering performance of e-4WD vehicles 
equipped with in-wheel motor systems. Therefore, it is 
expected that even an ordinary driver can enjoy the fun-to-drive 
feeling and run corners as agilely as a skilled driver can. 
Compared with the conventional control method, the proposed 
algorithm has the shortcoming of requiring vehicle state 
estimation. Therefore, further research on the integration with 
the latest vehicle state estimation algorithms is needed. 
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