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Abstract

This paper presents a new robust road bank angle estimation method that does not require a differential global position-
ing system or any additional expensive sensors. A modified bicycle model, which is less sensitive to model uncertainties
than is the conventional bicycle model, is proposed. The road bank angle estimation algorithm designed using this model
can improve robustness against modelling errors and uncertainties. A proportional-integral H. filter based on the game
theory approach, which is designed for the worst cases with respect to the sensor noises and disturbances, is used as
the estimator in order to improve further the stability and robustness of the bank estimation. The effectiveness and per-
formance of the proposed estimation algorithm are verified by simulations and tests, and the results are compared with

those of previous road bank angle estimation methods.
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Introduction

Various vehicle chassis control systems have been
developed for modern automobiles to meet increased
performance and safety requirements.' ’ Since the road
variables, such as the slipperiness, roughness, grade
angle and bank angle, directly affect the vehicle
dynamics, vehicle chassis control systems can benefit
significantly by using information about the road vari-
ables in real applications, in terms of improved control
accuracy, robustness and environmental adaptiveness.
Among the road variables, the road bank angle has a
direct influence on the lateral and roll dynamics of the
vehicle. Therefore, estimation of the road bank angle
has been a significant research topic for vehicle stability
control,*? rollover prevention'®'? and fault manage-
ment.'>"? The availability of accurate road bank angle
information not only improves the accuracy of lateral
speed estimation, which in turn improves the accuracy
of stability control,"*®” but also prevents unnecessary
activation of vehicle stability control systems when the
vehicle is on a banked road.>® Road bank angle estima-
tion is an essential part of vehicle rollover prevention
systems, because significant road bank angles can create
different vehicle roll behaviours during the transient

manoeuvring in which most rollover accidents actually
occur.'®!? Road bank angle estimation is also necessary
for model-based sensor fault detection.'*"?

The road bank angle is difficult to measure directly
with commercially available sensors, because it is often
coupled with other vehicle dynamics in sensor measure-
ments, such as the lateral acceleration and the roll and
pitch angles of the vehicle. For example, the lateral
accelerometer measurement includes not only the accel-
eration of gravity due to the road bank angle but also
the lateral acceleration.® In other words, it is difficult
to distinguish driving on a banked road from cornering
on a flat low-u surface, by using only the lateral accel-
erometer measurement.

Several studies have been conducted to explore the
estimation of the road bank angle. The road bank
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angle and modelling errors are defined as uncertain
parameters and they are estimated using a disturbance
observer'® and the adaptive control theory.'* These
estimation methods require the side-slip angle, which
can be estimated using the differential global position-
ing system (DGPS) measurement. Different from the
one-antenna global positioning system (GPS), which is
generally used in automotive navigation systems, the
DGPS with two antennae is too expensive to be used in
passenger cars and is frequently unreliable in urban
environments.” Even though these methods can guar-
antee an acceptable accuracy of estimation, they are
not practical solutions owing to the cost and reliability
issues related to the DGPS. A road bank angle estima-
tion using a vertical accelerometer is proposed.’
However, the wvertical accelerometer measurement
also cannot provide an acceptable accuracy of the
road bank angle because the vertical accelerometer is
almost insensitive to the narrow range of vehicle tilts
owing to the non-linearity of the arccosine functional
relation between the vertical acceleration and the vehi-
cle tilt."?

The road bank angle has been estimated using the
differences between the lateral tyre force estimate and
the lateral accelerometer measurement,'® or the differ-
ences between the lateral acceleration measurement and
the products of the yaw rate and the longitudinal
speed'’” in the linear observer framework. However,
these methods tend to be inaccurate under transient
driving conditions because they neglect the derivative
term of the lateral velocity of the vehicle. A road bank
angle estimation method based on the transfer function
and dynamic filter compensation (DFC), which is
related to the model uncertainty of the lateral dynamics,
was previously introduced.®'? This method illustrated
the robustness issues of the road bank angle estimation;
however, the physical meaning of the DFC term was
not explicitly explained in the papers.

Disturbance observers based on the unknown input
observer (UIO), which is a well-known solution for
the state and disturbance estimation of linear systems,
were proposed to estimate the road bank angle.'*'®
This method can guarantee the stability and conver-
gence of the estimation error, but estimation by this
method is sensitive to the output changes because of
the derivative term of the output in the observer.
More complex methods that consider the roll
dynamics of vehicles'®?® were developed in order to
estimate the roll angle of the vehicle and the road
bank angle individually. On the other hand, non-lin-
ear modelling and table-based estimation methods®!
were developed in order to improve the accuracy of the
state estimation of the lateral dynamics. However, most
of the previous road bank angle estimation methods
explained above did not address the robustness issue of
the estimation due to uncertainties and disturbances,
such as the cornering stiffnesses of the tyres and the
changes in the vehicle mass.

This paper presents a new robust road bank angle
estimation method that does not require DGPS or any

additional expensive sensors. A modified bicycle model,
which is less sensitive to model uncertainties such as
the cornering stiffnesses of the tyres than is the conven-
tional bicycle model, is proposed in this paper.
Therefore, the road bank angle estimation algorithm
designed using this model can be more robust against
modelling errors and uncertainties than using the con-
ventional bicycle model. A proportional-integral H
filter (PIF) based on the game theory approach, which
is designed for the worst cases with respect to the sen-
sor noises and disturbances, is used as the estimator in
order to improve further the stability and robustness of
the bank estimation. The effectiveness and performance
of the proposed estimation algorithm are verified by
simulations and tests, and the results are compared
with those of previous road bank angle estimation
methods.

Vehicle dynamics model

Figure 1 shows the schematic diagrams of the target
system. As shown in Figure I(a), by assuming the
bicycle model (i.e. by assuming that the dynamics of
the left and right sides of the vehicle are identical) and
no pitch motion, the lateral motion of the vehicle?**
can be expressed by

may = Fy + Fy
Ly = LyFyp— Ly Fyy (1)

The lateral accelerometer measurement consists of three
components, namely the linear motion term, the lateral
motion term and the gravity term, according to*?

a, = v, + v + gsin (¢, + ) (2)

where ¢, is the road bank angle and ¢ is the roll angle
of the vehicle. By equation (2), it is shown that the lat-
eral acceleration measurement includes not only the
dynamic component v, + v,r of the vehicle motion but
also the gravity component gsin (¢, + ¢) of the road
bank angle and the roll angle. By assuming that the lat-
eral forces of the tyres are linearly proportional to the
cornering stiffnesses of the tyres and that the slip angles
of the tyres are very small, the lateral force of each tyre
can be expressed as>>??

Fyy~—Cray= —CABy— &)
F,, ~—-Cua, = -Cp,
B, = tan~! ("y + wa) Wt Ly

. Vy Vx
(v = L@]f vy, — L ([1
—¢ 1Y W r
_ 3F}:f _ 8F,vr
dayly, g dal, - (3)

For simplification, let ¢ = ¢, + ¢. From equations (1),
(2) and (3), the lateral and yaw motions of a vehicle are
expressed by the state equations
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Figure |. Schematic diagrams of the target system: (a) bicycle
model of a vehicle; (b) rear view of a vehicle; (c) tyre diagram.
CG: centre of gravity.

X = A,x + Byu, + E,w

Vo = Cox + Dyu, (4)
where
vy a
_ (VW _ i)
) ( b ) Yo ( y )
Uy =967, w=sing
_GHC LGLG
mvy mvy x
Ao = L2+ 12C
7L/C/—L,<C,< B4 rCr
Lvy Lvy

gt LG-LG
Co = mvyy mvy
0 1

The mathematical model expressed by equations (4)
does not fully agree with the actual system owing to the
inevitable model uncertainties. Specifically, the modelling
error in the cornering stiffnesses Cyand C,, which results
from the linear lateral force assumption and the small-
side-slip-angle assumption, is one of the major causes of
the model uncertainties. Moreover, the lateral forces of
the front tyres of a front-wheel-drive vehicle are affected
not only by the side-slip angles but also by the traction
forces. Therefore, the cornering stiffness of the front tyres
of a front-wheel-drive vehicle may incur more model inac-
curacies than that of the rear tyres during the traction. A
modified vehicle model describing more accurate vehicle
lateral and yaw motions can be obtained by eliminating
the cornering stiffness terms of the front tyres from the
vehicle’s lateral equations of motion. From equation (2)
and the second equation of equation (1), the equations
which do not include the F,,term can be obtained as

vy = a, — vl — gsin @
Ly = Lymay — (Ly + L), (5)

From equations (5) and (3), the state equations of the
modified vehicle dynamic model can be obtained as

x = A, x + B,u, + E,w
Ym = me (6)

where

vy .
x=1 |, Uy = ay, w = sin @

¥
0 —Vy
Am = | @+ L)C (U + LILG

Lv, Lv,

1
B, = Lm
I

As shown in equations (6), the modified model is not
affected by the cornering stiffness of the front tyres.
Therefore, it can be said that the modified model is less
sensitive to variations in the cornering stiffnesses of the
tyres than is the conventional bicycle model, and the road
bank angle estimation designed using the modified model
can be more robust against the uncertainties. Similar
analyses can be conducted for rear-wheel-drive vehicles
by eliminating the cornering stiffness terms of the rear
tyres from the equations of motion of the vehicle.

Robustness analysis of the estimation
methods

As commented in the previous section, variations in the
cornering stiffnesses of the tyres exist under real driving
conditions and they make the parameters of the vehicle
model uncertain. For this reason, the effects of the
parameter uncertainties on the estimation errors should
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be analysed in order to improve the robustness of the
estimation.

In this section, four estimation methods derived
from equations (4) or equations (6) are explained and
analysed in order to compare the robustness of the esti-
mation methods against modelling errors and uncer-
tainties and, in particular, the modelling error in the
cornering stiffnesses Crand C..

For clarity, the uncertainties in the cornering stiff-
nesses are denoted ACy and AC, in this paper. The
uncertainties in the system matrices of the original vehi-

cle dynamic model (4) can be expressed by using ACy

and AC, as
_AG+AC Ly AL AC,
mvy mvy
Ad, = ' '
¢ _ Ly AC/*L,‘ AC, o L; AC/‘ + Lyz AC,
Ly, Lvy

AG

_ m
AB, = (Lf AC/)

L

o ACf + AC, o L/' AC/—L,- AC,
ACO = myy mvy

0 0

a0, = (%) ™

On the other hand, for the modified vehicle dynamic
model (6), the uncertainties in the system matrices can
be expressed as

0 0
Ady = | @ +L)AC @+ LILAG

Ly Lvy

AB, =0

9
AD,, = (8) (8)

Dynamic filter compensation method

If the derivative of the lateral speed is zero (i.e. v, = 0),
the road bank angle estimation can be derived from
equation (2) as

ay — vyip

sin g, =
g

)
Estimating the road bank angle based on equation (9)
simplifies the calculation of the estimation, but the esti-
mation becomes more inaccurate as ]v‘| becomes larger.
The DFC method® was proposed to relieve this problem
by compensating equation (9) with the DFC term,
according to

o d .
Wafe = sin ¢, max [O, 1 — |DFC| — ‘asm 0,

(10)

where

DFC(s) = H,,[sin ¢,(s) — sin ¢,(s)]

+ v H,[sin @,(s) — sin @,(s)]
SIN G (5) = Hap ™' [A,(5) — Ha Uo(s)]
sin ¢,(s) = Hp, ™' [¥(5) = HyuUy(9)]

Hau —1
= C()(Slf Ao) Bo + Do
Hru

<H> = C,(s] — 4,)'E
Hrw o 0 0

If the model uncertainties do not exist, A(s) =
HCIH U(I(S) + Haw W(S) a'nd W(S) = HI”LI U()(S) + HI‘W W(S)'
This yields
DFC(s) = Hu, W(s) + vy Hy, W(s)
. (Haw + VxHrw)[Ay(S) - Vxlp(s)]
g
_ —(Hay + viHn)[=gW(s) + Ay(s) — v W (s)]

g
7(Haw + VxHrw)S Vy (S)

g

(11)

In equation (11), (Hu, + viHn)/g is a form of
second-order low-pass filter and therefore DFC can be
considered as an estimation of v,. If the model uncer-
tainties exist, the transfer functions of equations (4) can
be expressed as

Hau
(H ) = (C, + AC,)(sI — A, — AA,)" (B, + AB,)

+ D, + AD,
I:Iuw —1
i =(Co + AC,)(sI — 4, — A4,) E,
(12)

Then, the uncertainties in the transfer functions are

Hau - Haua
Haw - Hawa

AH,, =
AH(”\" =

AH,, = Hru — Hyy

AHrw = Flrw - Hrw (13)

In this case, the DFC can be obtained as

DFC(s) = Haw W(s) + vHn W(s)
(Han‘ + VxHru')[Ay(s) B V,\‘lp(s)}
4
+ AI_Iau Uo(s) + AH{I‘\' W(Y) + Vx AHru UU(S)
+ Vx AHrw W(S)
_ _(Huw + VXH)‘M')S V‘(S)
4
+ (AHun' + vy AH}'H') W(S)

+ (AHIIM + vX AHYLI)U()(S)

(14)

Equation (14) implies that the model uncertainties
make the DFC inaccurate from the viewpoint of the v,
estimation because AH,, +v.AH,, and AH,, +v,AH,,
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are non-zero even if the system is in a steady state. For
this reason, 1y, has steady state errors if u, or w are
not zero.

It was proposed by Tseng® that the steady state val-
ues of the transfer functions H,,, and v, H,, are actually
implemented for the actual automotive applications to
mitigate the computational burden, according to

L+ L,

lim Hyy = — — S+ L)

s—0 (Lf + L,) + Kusvi

. gKv?

1 H W =

SIE'% T (L/ + Lr) + Kusv,% (15)

where
L, L

Kus ” ~

L+ L)G L+ LG

Unknown input observer method

The UIO is a state observer designed to decouple the
state estimation error from the disturbance.?* The dis-
turbance can be estimated by using the state estima-
tion of the UIO. The form of the UIO'*'® is expressed
by

= NuioZuio T LuioYuio + Guiollo

Zuio
Xuio = Zuio — Luio)uio

where

Yuio = Yo — Doty

Nuios Luios Guio and E,;, can be designed by the fol-
lowing steps. The derivative of X, can be derived from
equations (4) and (16) as

2141'0 - Euiocax
Nuiozuio + Luioyo + (Guio - LuioDo)uo
— E,jyCo(Aox + Byu, + E,w)

Xuio =

(17)

If the model uncertainties do not exist, the dynamics of
the estimation error are given by

X = Xuio = (I + EuioCo)(Aox + Botty + Egw) = NuioZuio — Luioo
= (Guio — LuioDo)uo
= [(I+ EuioCo)As — MyioCol(x — Xuio) + MyinCox
+ [(I + EuioCo)Ao — MuyinColXyio + (I + EuioCo)Bout,
+ (I + EuinCo)Eow — NyioZuio — LuioYo — (Guio — Luio Do)ty
= [ + EuioCo)Ay — MuioCo(x — Xuio)
+ (I + EuioCo)Ap — MuioCo — Nuio)Zuio

+ [_(I + Eui()C())AoEuiv + MuiOC()Euio + Muio - Luiv]yv
+ {[(l + Eui(lcn)A() - Mui()Cn]EuiaD() + (Lw'o - Muin)Do
+ (I + Euz'uCa)Bn - Guz’a}uo + (I + EuioCr))Eow

(18)

where M,,, 1S a constant matrix, which should be
selected to make (I + E,;,C,)A4, — M,;,C, stable. In

order to make equation (18) asymptotically stable (i.e.
lim; ...(x — X,;) = 0), the equations that should be
valid are

E,, = _EO(COEO)+ + Quio[l_ CoEo(CoEo)+]
Nuio = (I + EuiuCU)Aa - Muioco
Lo = —NyioEyio + Mo

Guio = ([ + Euioca)Bo (19)

Qv 18 a constant matrix, which consists of design
parameters and (C,E,)" is the left inverse of C,E,
(i.e. [(C,)E(,)TC(,E(,]A(C(,E(,)T). The estimation of
w based on the UIO was proposed by Imsland et al.'®
as

~ ot .
Wuio = Eg [Luioyuio - Euioyuio

_(Luioco — EinCoAo)Xuio + EuioCoBouo] (20)

If the model uncertainties do not exist,

E,(w—1Wyio) = E;w — LyjyCox + E;yCo(Ayx + Bou, + E,w)
+ (LuioCo — EvioCoAy)Xuio — EuioCoBotty
= (EuioCoAo — LuioCo)(x — Xuip) + (I + EuioCo) Egw
= (EuioCo Ao — LuioCo)(x — Xuip)

(21)

This shows that equation (20) was designed to achieve
lim,_W,;, = w by using lim, _.«(x — X,;,) = 0 but, if the
model uncertainties exist, the derivative of x,;, is chan-
ged to

).%uia = Zuio - Euio(co + ACO)X - Euio AD() 1/.[0
= NuioZuio T LyioYo + (Guio — LyioDo)u,

- Euio(Co + ACO)(AOX + A4, x + Byu,

+ AB,u, + E,w) — E,i, AD, 1,

Then, the error dynamics of the UIO are given by

% — Xuio = (I + EuiyCy + Evig AC,)(Apx + A4, x

+ Byu, + AByu, + E,w)
— NuioZuio — LuioYo — (Guio — LuioDo)to
+ Eyip AD, 11,

= Nuio(X — Xuio) + MuioCoX + NyioXuio
— NuioZuio — Luioyo + LuioDolty
+ E,io AC, (Ayx + AA, x + Byu, + AB, u, + E,w)
+ (I + E,;,C,)(AA, x + AB, u,) + E,i, AD,, 11,

= Nuio(X = Xuio) + Eyio ACy Egw + Eyjo AD, 1,
+ [(I + EuCo) Ad, — M iy AC,
+ Euip AC, (4, + AA,)|x
+ (I + EuiyC,) AB, — My, AD,
+ Eyio AC, (B, + AB,)]u,

(23)

This means that lim, .(x — X,;,) # 0 if the model
uncertainties exist. The error of w,;, 1s
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E,(Ww—1Wyip) = E;w — Lyio(Cy + ACy)x — Lyip AD, u,
+ E;yCo(Ayx + AA, x + B,u,
+ AB, u, + E,w)
+ (LuioCo = EuioCoAo)Xuio — EuioCoBolty
= (EuioCoAo — LuioCo)(x — Xuio)
+ (EixCo A4, — Ly AC,)x
+ (EuioCo AB, — Lyio AD)u,
(24)

Therefore, it is concluded that the model uncertain-
ties make both x,, and w,, inaccurate and w,, has
steady state errors if x or u, are not zero.

Because differentiating the output amplifies the
effect of the sensor noise, a low-pass filter is used in this
paper according to

g -5
yuio(s) - . lyum(s) (25)

uio

where 7, is the time constant of the filter.

Proportional—integral observer of the original
vehicle dynamic model

The proportional-integral observer (PIO) is a state
observer designed to reduce the steady state error by
using one or more integration terms of the estimation
error.”>2® A PIO can be derived from the original vehi-
cle dynamic model (4) as

Xpo = AoSpo T Botty + Kpot (Vo — ) + EgWp
Kpﬂz(y(? - ﬁo)a j}() =

where K,,1 and K,,, are the observer gain matrices. If
the model uncertainties do not exist, the dynamics of
the estimation error are given by

Wpo = CoXpo + Doty (26)

X — )%pa = (Ao - Kpol C())(x - X-pi()) + E(,(W - Wpo)

W= Wy, = —K,pnColx — Xp,) + 0

(27)

This means that K,, and K,, should be selected
to make A4, —-K,,1C, and K,,C, stable. If the
model uncertainties exist, the error dynamics of the
PIO derived from the original model are changed
to

X = Xpo = (Ay — Kpot Co)(X — %p0) + Eo(W — 1p)
+ (A4, x + AB, u,) — K01 (AC, x + AD, u,)
_Kpo2 Co(x — 5(170) +w— Kp02(ACo X
+ AD, u,)

W= Wy =

(28)

If the time goes to infinity, the error dynamics of the
PIO become

lim(x—fc,,o ) _ <Ao — Kpo1 Co EO)“
t—e \ W — W[m 7K,,02C0 0

% (Kp()l —1) <AC0 x + AD, u,,)

Ko 0 AA, x + AB, u,

It is possible to select K, and K, to minimize equa-
tion (29) at the cost of reducing the freedom of the
observer design (e.g. pole placement methods should be
modified in order to minimize equation (29)). However,
variations in the other vehicle parameters are ignored
in equation (29) and they can amplify the steady state

error of the estimation even if equation (29) is mini-
mized by the gain selection.

(29)

PIO of the modified vehicle dynamic
model

A PIO can be derived from the modified vehicle
dynamic model (6) according to

fcpm = Am«%pm + By, + Kpml(ym _J;m) + Emwpm

Wpm = Kme(ym - ym)a Ym = CmXpm

(30)

where K1 and K> are the observer gain matrices. If
the model uncertainties exist, the error dynamics of the
PIO of the modified model are given by

X — :%pm = (Am - Kpml Cm)(x - fcpm) + Em(w - wpm) + AAm X

W— me = —Lpm2 Cm(x - ﬁjpm) +w

(31)

If the time goes to infinity

-1
Am - Kpml Cm Em)

}%(V_me):(o 1)( —Kpm2Cn 0

—AA4,, x\
x( / )o

Therefore, it is concluded that the PIO of the modi-
fied model can eliminate the steady state error of 1,
even if AA,, exists. It is notable that the steady state
error remains zero even if variations in the other vehicle
parameters exist owing to the structure of equations

(6).

(32)

Proposed road bank angle estimation
method

The results of the previous section show that the PIO
derived from the modified model is the best solution
from the viewpoint of the robust performance of the
steady state error. This paper proposes to apply the
PIO algorithm to the bank angle estimation using the
modified vehicle model (6). By assigning w = sin@ as a
new state, equations (6) can be modified as
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Xy = waw + Bwum + Ewn
Ym = waw +

w= waw (33)
where
vy
Xw = 11[, 5 n = Esin Q
w
0 .
A, = Ly -Iivl:) G & +[:l;vi)chr 0
0 0 0
1
B. = Lm C. =
W L | w (0 1 0)
0
EW = 0 5 Lw = (0 0 1)

and v is the noise in the yaw rate measurement such as
offset and stiction.?’ It is notable that the Luenberger
observer derived from equations (33) is the same as the
PIO in equations (30).

Because the rank of the observability matrix of the
system described by equations (33) is

rank(C, C,d4, C,42)' =3 (34)

the system described by equation (34) is observable.

In order to make the observer derived from equa-
tions (33) robust against a set of disturbances including
the disturbance term n and the noise term v, this paper
proposes to use a continuous-time H., filter based on
the game theory approach.”®*° The error of the road
bank angle estimation is

ey =W—Ww

(35)

where W is the estimation of the road bank angle term.
Because the input u,, and the output y,, are the only
known terms, the estimate of the road bank angle term
should be derived from them. Let

W= LW)%W
Xy = fest(uma Yms )A(w(o))
where fo5 (U, Vi, X1v(0)) is the estimation function, which

should be determined. From equations (33), (35) and
(36), the estimation error at time 0 can be derived as

(36)

e,,(0) = w(0) — w(0)

=L, [xw(o) - )%11(0)] (37)

On the basis of equations (33), (35), (36) and (37), it can
be said that the estimation error e,, is a function of n, v
and x,,(0) — x,,(0). Therefore, e,, can be expressed as

ew(s) = Gerr(8)e(s) (38)

where ¢ = (n v x,(0) — fcw(O))T. The robustness of
the estimation can be achieved by ensuring that ||e,]|..

is less than a certain value.*® The system oo-norm of
G, is defined as’!

X!
[Gerll.. = sup 7‘10,“%” &
err||oo
w20\ [y llell de

fé’ (w —w)T(w =) dt

= sup - T - -
0\ [%(0) — £,(0)]" [x,(0) — %,(0)] + Jo/ (nTm + vTv) dr
(39)

where sup stands for supremum. Because the goal of
the H.. filter is to make |G ||., less than a certain value,
the cost function of the H.. filter is defined as*®>°

JH' =

B = 0t iy
(o 0) — ,%,1.(0)]TP07] [x0(0) — %,(0)] + 0’/ (nTQ 'n + vIR 1y) d¢
(40)

where Py, O, R and S are positive definite matrices that
depend on the performance requirements. Because all
the state equation matrices of equations (33) are contin-
uous, the system % -norm ||Ge ||, is finite.’" This means
that there exists a positive scalar 6 such that the optimal
estimation W satisfies

1
sup Jw <

- 41
up S < (41)

Conditions of the existence of a bound on the
system o -norm ||G.|.. and the lower bound of the
o-norm can be derived using theorems given by
Burl;*! therefore the upper bound of 6 can also be
derived.*® The derivation of the upper bound of 6 is
omitted because it is beyond the scope of this paper.
The continuous-time H., filter can be derived from
equation (41) as

X = AyXy + Byt + PCLR™ (3 — Cu%y) (42)
where

W= L%,  %0(0) = X0
and as

P=A4,P+ PAL + E,QE!

—~P(CTR'C, — OLTSL,)P (43)

where

P(0) = Py

and P is a symmetric positive definite matrix if the
solution of equation (43) exists Vre [0,7]. The
detailed derivations of equations (42) and (43) can be
found in the papers by Banavar and Speyer®® and de
Souza et al.?’ It is notable that the solution of the
algebraic Riccati form of equation (43) can be used as
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Table |. Parameters of the test vehicle.

Symbol Quantity Value

m Mass of the vehicle 1687 kg

I, Yaw moment of inertia 3401 kg m?

Le Distance from the front axle to the centre of gravity I.I5m

L, Distance from the rear axle to the centre of gravity 1.47m

Crss Cornering stiffness of the front tyres 115,000 N/rad
Cr s Cornering stiffness of the rear tyres 396,820 N/rad

Py in order to reduce the calculation complexity of
equation (43) by taking the risk of increasing the esti-
mation errors due to the initial state x,,(0).>° In this
case, the steady-state H ., filter can be obtained from
equations (42) and (43) as

);(\:W = AW“‘%W + Bwum + POCIRil(Vm - CWX-W)
A, Py + PoAY + E,QE!

~Py(CTR™'C,, — OLTSL, )Py = 0 (44)

where
W= Ly&y. £,0)=(0 0 0)

Since w = sin(¢,, + ¢), the roll angle estimation ¢ is
necessary in order to separate the road bank angle esti-
mation from w. The roll angle can be estimated using a
vehicle-dynamics-based roll estimation method.*

Simulation results

Simulations were performed in order to verify the effec-
tiveness and performance of the proposed estimation
algorithm. A front-wheel-drive sport utility vehicle
(SUV) model in CarSim® was selected as the vehicle
model, and the proposed estimation algorithm was
implemented by MATLAB®/Simulink® using the para-
meters shown in Table 1. The cornering stiffnesses Cy
and C,_; used for the estimator design were calculated
by using the results of steady state cornering simula-
tions and experiments. The lateral acceleration, the
yaw rate and the longitudinal speed are assumed to be
known in the simulations. These signals are normally
available through the in-vehicle network of modern
vehicles equipped with an electronic stability program
(ESP).

In order to assess the performance and robustness of
the proposed algorithm, the DFC method,® the UIO
method'*'® and the PIO method,”>* which do not
require DGPS or any additional expensive sensors,
were also implemented and simulated in this paper.
The estimation parameters of the methods are carefully
tuned to produce the best results. The estimation para-
meters for the UIO, the PIO and the PIF methods are
decided by hand tuning processes based on the results
of various simulations and experiments. The para-
meters identified through the processes are shown in
Tables 2,3 and 4.

Table 2. Parameters of the UIO method.

Symbol Quantity Selected value
Mo Weight matrix for the outputs —10 10
10 10
Quio Weight matrix for E,p ( [ )
(|
Tuio Time constant of the filter 1/9

Table 3. Parameters of the PIO method.

Symbol Quantity Selected value
Ko Gain matrix for Xp, | -3
Gl +cL
U 2l v,
Kpo2 Gain matrix for Wy, (0 -2)

Table 4. Parameters of the PIF method.

Symbol  Quantity Selected value
Q Weight matrix for the 0.1
disturbances
R Weight matrix for the noises 0.0035
S Weight matrix for the |
estimation errors
Po Initial value of the Riccati equation 00 O
00 O
0 0 05
0 Parameter for the cost function |

Straight road with a constant bank angle

Figure 2 shows simulation results when the vehicle tra-
vels on a straight road with a constant bank angle
(30% = 16.7°). The vehicle was driven for 15s with a
constant longitudinal speed (80 km/h) and maintained a
straight direction on the banked road. The purpose of
this simulation is to compare the performance of the
road bank angle estimation methods during steady state
cornering on the banked road. Simulations were con-
ducted for several different driving conditions with dif-
ferent types of modelling error and uncertainty in order
to examine the robustness of the bank angle estimation
methods. Figure 2(b) shows the simulation results when
the driving condition is the same as the driving
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Figure 2. Simulation results (constant road bank angle): (a) driver inputs; (b) estimated ¢ (u=0.85); (c) estimated ¢ (u=0.3); (d)

estimated ¢ (a, = dy_req COS (10%)); (e) estimated ¢ (Cr = 1.2C ).

PIF: proportional-integral H., filter; PIO: proportional—integral observer; DFC: dynamic filter compensation; UIO: unknown input observer.

condition used for the estimation algorithm design.
Figure 2(c) shows the simulation results when the road
surface condition becomes more slippery (i.e. low w).
Figure 2(d) shows the simulation results when the lat-
eral acceleration is measured incorrectly owing to the
misaligned installation of the accelerometer and Figure

2(e) shows the simulation results when the actual cor-
nering stiffness C; is different from the cornering stiff-
ness Cr g used for designing the estimation algorithm in
Table 1, owing to the changes in the vehicle mass (e.g.
more passengers). Simulation results were obtained by
using the PIF method based on the modified vehicle
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Figure 3. Simulation results (double lane change on a flat road): (a) driver inputs; (b) estimated ¢ (u =0.85); (c) estimated ¢
(n=0.3); (d) estimated ¢ (a, = a,_real COS (10°); (e) estimated ¢ (Cr=1.2Cr ).
PIF: proportional-integral H. filter; PIO: proportional-integral observer; DFC: dynamic filter compensation; UIO: unknown input observer.

model, and by the PIO method, the DFC method and
the UIO method based on the original model (4). The
curves labelled Reference in Figure 2(b),(c),(d) and (e)
are calculated as the difference between the absolute
heights of the left and the right wheels provided by

CarSim. As shown in the figures, because of the integral
state in the observers, the PIF and the PIO methods
yield better performances on estimating the bank angle
without the steady state errors than the DFC and the
UIO methods do.
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Figure 4. Simulation results (S-curve manoeuvre on a flat road): (a) driver inputs; (b) estimated ¢ (u =0.85); (c) estimated ¢
(e =0.3); (d) robustness of PIF with the modified vehicle model (i =0.85); (e) robustness of PIF with the original vehicle model

(w=0.85).

PIF: proportional-integral H. filter; PIO: proportional-integral observer; DFC: dynamic filter compensation; UIO: unknown input observer.



790

Proc IMechE Part D: | Automobile Engineering 226(6)

o

44(‘ 22.54°
0.34° 12.12° 17.42
| ' 1 ' |
Lane 4 Lane 3 Lane 2 Lane 1

Figure 5. Test lanes and road bank angle status.

Bank angle change on a straight road

Figure 3 shows the simulation results when the vehicle
travels on a straight road with two lanes, flat and
banked (25% = 14°) lane, and changes lanes. Figure
3(a) shows the driving manoeuvre. The purpose of this
simulation is to compare the performances of the road
bank angle estimation methods when the road bank
angle is changed. Similar to the constant-bank-angle
case, simulations were conducted for several different
driving conditions with different types of modelling
error and uncertainty. The simulation results show that
the modified-model-based PIF method yields the best
performance and robustness in estimating the road
bank angle and maintains its accuracy even in the pres-
ence of the model uncertainties.

S-curve manoeuvre on a flat road

Figure 4 shows the simulation results when the vehicle
travels on a flat road during an S-curve manoeuvre
(£ 360°) at 60 km/h. The purpose of this simulation is
to compare the values of the performance and robust-
ness of the road bank angle estimation methods when
the steering-wheel angle is large and the driving condi-
tions are severe.

Figure 4(b) and (c) shows the estimation results of
the reference, the PIF, the PIO, the DFC and the UIO
methods. Among these, the PIF method shows the best
estimation performance. Figure 3(d) and (e) shows
simulation results when the actual cornering stiffness Cy
differs from the cornering stiffness Cy  used for design-
ing the estimation algorithm in Table 1 by 150% or
50% (w = 0.85). The results show that the PIF method
based on the modified vehicle model yields better per-
formance and robustness against the model uncertain-
ties (Cr changes) than does the PIF method based on
the original vehicle model.

Test validation

In order to verify the effectiveness and performance of
the proposed method, vehicle tests were conducted
under several different driving conditions. The test vehi-
cle is an SUV equipped with an ESP and the test track

is a high-speed circuit at the Korea Transportation
Safety Authority. The ESP system contains several sen-
sors, such as a yaw rate sensor (range, = 100 deg/s; res-
olution, *0.3deg/s; sensitivity, 18 mV/(deg/s)) and a
lateral accelerometer (range, = 1.8g; resolution,
+0.005 g; sensitivity, 1 V/g), which are also used in the
bank angle estimation algorithm.

The test track consists of two straight courses and
two cornering courses, and each course has four lanes,
as shown in Figure 5. All the lanes are asphalt lanes
and 16.2m wide. Since the same vehicle is used in the
simulations and vehicle tests, the same estimation algo-
rithms and parameters used in the simulations are
applied to the vehicle tests.

To mitigate the effect of the sensor noise on the road
bank angle estimation, the reference bank angle and the
bank angle estimation by the DFC method are filtered
by a first-order low-pass filter (time constant, 2/3). The
reference value of the bank angle is calculated from

o ifay— vy =i
Dreference — s <

and assumed to be the actual bank angle in the test.
The lateral acceleration v, is calculated from the lateral
velocity signal which is measured using a Corrsys SCE
optical two-axis velocity sensor from Corrsys-Datron
Co.

(45)

Straight driving on lane |

Figure 6 shows the experimental results when the vehi-
cle travels in lane 1, which is similar to the constant-
steering-angle test in the simulation. As shown in
Figure 6(a), the vehicle was driven for 15s with a nearly
constant longitudinal speed (about 143km/h) and a
nearly constant steering angle with only small adjust-
ments. The results shown in Figure 6(b) and (c) are
similar to the simulation results shown in Figure 3(b)
and (e). The DFC and UIO methods cause steady state
errors in Figure 6(b), and the errors are increased in
Figure 6(c) owing to the model uncertainties regarding
the cornering stiffness of the front tyres. Similar to the
simulation results, the proposed PIF and PIO methods
show good accuracy in the sense of the r.m.s. error and
robustness against the model uncertainties.

Lane change between lanes 2 and 3

Figure 7 shows the experimental results when the vehi-
cle travelled between lanes 2 and 3. As shown in Figure
7(a), the vehicle was driven for 25s with several lane
change manoeuvres. As shown in Figure 7(c) and (d),
the proposed PIF with the modified vehicle model
shows better robustness against the model uncertainties
(Crchanges) than does the PIF with the original vehicle
model.
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Figure 6. Test results (lane 1): (a) vehicle states from sensors; (b) estimated ¢ (Cr = Cr_); (c) estimated ¢ (Cr = 1.2 ).
Long.: longitudinal; w/ LPF: with a low-pass filter; PIF: proportional-integral H., filter; PIO: proportional-integral observer; DFC: dynamic filter

compensation; UIO: unknown input observer.

Conclusion

This paper presents a new robust road bank angle
estimation method that is based on a PIF and does
not require expensive sensors such as the DGPS. In
this work, the robustness of the estimation was
enforced by the use of a more robust system model
and a robust estimation algorithm. A modified bicycle
model, which reduces the model uncertainty by elimi-
nating the lateral force term of the front tyre from the
system equation, was derived and used to design a
road bank angle estimation algorithm. A PIF based

on the game theory approach, which is designed for
the worst cases with respect to the sensor noises and
disturbances, is used as the estimator in order to
improve further the stability and robustness of the
bank estimation. Simulations and actual vehicle tests
are conducted for various road and vehicle driving
conditions. The simulation and vehicle test results
showed that the proposed PIF method provides the
best accuracy and robustness against the model uncer-
tainties compared with the previous methods, such as
the DFC and the UIO methods.
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Figure 7. Test results (lane 2 < lane 3): (a) vehicle states from sensors; (b) estimated ¢; (c) robustness of PIF with the modified
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Long.: longitudinal; w/ LPF: with a low-pass filter; PIF: proportional-integral H.. filter; PIO: proportional—-integral observer; DFC: dynamic filter

compensation; UlO: unknown input observer.
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Appendix

Notation

a, lateral acceleration of the vehicle (m/s?)

A state matrix

Am state matrix for the modified bicycle

model

A, state matrix for the original bicycle model

A, state matrix for the bicycle model based

on the proportional-integral observer
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B input matrix P Riccati solution
C output matrix 0 weight matrix for the disturbances
Cy cornering stiffness of the front tyres R weight matrix for the noises
(N/rad) s Laplace variable
C, cornering stiffness of the rear tyres S weight matrix for the estimation errors
(N/rad) t time (s)
D input-to-output coupling matrix tr final time (s)
e estimation error u system input
E input matrix for the disturbance input v measurement noise
Fy front lateral force (N) Vy longitudinal speed of the vehicle (m/s)
Fy, rear lateral force (N) vy lateral speed of the vehicle (m/s)
g acceleration due to gravity w disturbance input
G transfer function matrix X system state
h distance from the centre of gravity to the X estimate of x
roll centre (m) x(0) initial state
H transfer function X(s) Laplace transform of x
1 identity matrix y system output
I yaw moment of inertia of the vehicle z transformed state
2
(kg m?) . ar front-tyre side-slip angle (rad)
J cost function : . .
. . a rear-tyre side-slip angle (rad)
K gain matrix . . .
. . B vehicle side-slip angle (rad)
K, understeer gradient of the vehicle . .
. Br global front-tyre sideslip angle (rad)
L observer output matrix B lobal rear-tyre sideslip angle (rad)
Ly distance from the front axle to the centre r globe Y pang
: . or steering-wheel angle (rad)
of gravity (m) ‘ .
. 0 parameter for the cost function
L, distance from the rear axle to the centre of .. .
ravity (m) s tyre-road friction coefficient
& y . b roll angle of the vehicle (rad)
m mass of the vehicle (kg)
. . by, road bank angle (rad)
M weight matrix for the outputs " aw angle of the vehicle (rad)
n disturbance input for the bicycle model y £

based on the proportional-integral observer
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