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ABSTRACT- Path tracking control is one of the essential controls for lateral positioning controls such as collision
avoidance and lane keeping and changing. In severe situations in which the tire force reaches its limit, such as entering
a corner at high speed or in a low-friction situation, not only accurate path tracking but also stable driving must be
ensured. In this paper, an integrated braking and steering controller for path tracking is proposed in consideration of
the road friction limit. In particular, individual tire forces were predicted using the vehicle and the tire models, and the
results were directly compared with the road friction. A nonlinear model predictive controller (NMPC) was utilized for
constrained optimal control using nonlinear models. The proposed controller is verified through vehicle simulators
Carsim and MATLAB Simulink. Results show the effectiveness of the proposed controller: it guarantees stable driving

and accurate tracking performance.

KEY WORDS : Path tracking control, Nonlinear model predictive control, Tire forces, Road friction limit, Intelligent

vehicle, Sequential quadratic programming

NOMENCLATURE

v,.: longitudinal velocity, m/s

v, lateral velocity, m/s

B: side slip angle, rad

: yawrate, rad/s

S: station, m

e,: lateral offset error, m

ey heading angle error, rad

m: vehicle mass, kg

I, vehicle moment of yaw inertia, kg-m?
l;: distance from the vehicle’s center of mass to front axle, m
L,.. distance from the vehicle’s center of mass to rear axle, m
w: half of the vehicle width, m

&' wheel steer angle, rad

a,,: longitudinal acceleration, m/s?

a,: lateral acceleration, my/s*

F, ;: longitudinal force of each tire, N
F,,;: lateral force of each tire, N

F ,;: vertical force of each tire, N

k: curvature of the desired path, 1/m

F pp: air drag force, N

A: brake force ratio of front axle, -

u: road friction coefficient, -

* Corresponding author. e-mail: sbchoi@kaist.ac.kr

C: linear comering stiffhess, N/rad

g: gravitational acceleration, m/s

h.4: height of the vehicle center of mass, m

ks front roll stiffness, N-m/rad

k - rear roll stiffness, N-m/rad

h,..: distance from roll center to the vehicle’s center of mass, m
T : control period, s

N : the number of step of prediction horizon, -

1.INTRODUCTION

In recent years, as the importance of vehicle safety has
increased, the demand for safety systems is increasing.
Advances in sensing technology for intelligent
transportation systems have enabled active safety control
of vehicles such as autonomous emergency brake, lane
change warning system and lane keeping assist system
(Wang et al., 2019; Geronimo et al., 2009; Gietelink et
al., 2006; Hwang and Choi, 2018). Path tracking control
is one of the essential controls for active safety control.
The primary task of path tracking control is to follow the
planned path stably and accurately(Hu et al., 2018; Lim
et al., 2018; Pozna et al., 2009). Therefore, the path
tracking controller must prevent unstable movement of
the vehicle and minimize lateral offset and heading angle
error for the desired path.
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Over the past decade, numerous path tracking
controllers have been proposed. Existing controllers
include the  Proportional-Integral-Derivative(PID)
controller (Zakaria et al., 2014), H infinity( Hy )
controller(Park et al., 2018; Rigatos and Siano, 2014),
sliding mode controller and model predictive
controller(MPC) (Liu et al., 2018; Ji et al., 2016). Among
these, the MPC generates an optimal control input while
considering the constraints on the states and inputs
through prediction of future behavior(Xu and Peng, 2019;
Paden et al., 2016; Han et al., 2020). It is suitable for path
tracking control, which requires accurate and safe control
performance, and therefore MPC has been utilized in
many path tracking control studies. Path tracking control
studies using MPC are designed to satisfy constraints on
lateral position, yaw rate or steering angle while
minimizing the objective function expressed as a
quadratic function. In addition, to consider the
nonlinearity of the vehicle model, a study using a
nonlinear model predictive controller (NMPC) has been
introduced(Wurts et al., 2020; Liu et al., 2018) and, in
some cases, linear MPC using a linearized model has
been introduced(Simon et al., 2013).

Many existing path tracking studies have used only
steering control for path tracking control. These
controllers show excellent path tracking performance in
smooth driving situations. However, it is difficult to
ensure stable vehicle behavior in severe situations such
as high-speed or low-friction road conditions. In these
situations, due to road friction limitations, the tire does
not generate the required lateral force from the controller.
As aresult, unsafe behavior such as understeer of vehicle
occurs. To cope with these situations, the vehicle must be
decelerated in advance through appropriate braking
control as well as accurate steering control.

For stable path tracking in high-speed situations,
combined braking and steering controllers have also been
studied (Ren et al., 2020). The simplest existing method
assumes the vehicle as a point mass and generates the
desired longitudinal speed so that the sum of longitudinal
and lateral accelerations does not exceed the road surface
limit (Gao et al., 2010). In addition, a controller was
proposed to analyze the critical speed limit in steady state
cornering and ensure that the vehicle speed is below the
limit speed (Siampis et al., 2017). One study conducted
speed and steering control through NMPC under the
constraint that the vehicle should not roll over (Liu et al.,
2017). Unlike studies that proposed a speed limit based
on the stability condition, a method that indirectly checks
whether the force of each wheel tire does not exceed the
road friction limit for the speed and steering input,
generated based on the distance from the ego vehicle, has
also been proposed (Sazgar et al., 2019). All of these
methods enable stabler control than methods that control
only in the lateral direction.
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However, there are limitations in the stability
indicators such as vehicle acceleration or vehicle side slip
angle considered in previous studies. Even when these
stability indicators are satisfied, if even one tire is
saturated during driving, the vehicle's behavior can
become rapidly unstable. Therefore, the relatively
macroscopic stability indicators of existing studies help
to improve vehicle stability, but do not guarantee stability
in all situations. Even if these indicators are utilized, it is
possible to set an overly restrictive threshold to ensure
stable behavior in most situations. However, since the
vehicle's behavior is excessively restricted, the range of
situations the vehicle can handle is reduced, for example
by increasing the braking distance or reducing the type of
road surface that can be coped with. Also, increasing the
braking distance causes the disadvantage that a larger
preview distance is required. Therefore, there is a need
for tire force-based indicators that most directly represent
vehicle stability. In other words, by utilizing the direct
constraint that each tire force not exceed road friction,
stable and more active path tracking control is possible.

In this study, we propose an NPMC-based steering and
braking controller that consider the limits of each tire
force. We used the planar vehicle model and the brushed
tire model to predict the tire force for each wheel over the
prediction horizon. Through constrained non-linear
optimization, control inputs are generated so that the sum
of the longitudinal and lateral forces of each tire does not
exceed the road friction limit. Sequential quadratic
programming (SQP) is used to solve the NMPC problem
of the proposed algorithm(Gill and Wong, 2012; Zhu et
al., 2016). Through this, the proposed controller
automatically generates the optimal amount of braking
for stable driving in consideration of the road friction
limit. At the same time, it generates an optimal lateral
control input to accurately follow the desired path. In this
study, it is assumed that the road friction limit is known
through various existing road friction estimation
algorithms (Khaleghian et al., 2017; Han et al., 2016;
Han et al., 2017; Ray, 1997).

The rest of this paper is organized as follows. Section
2 establishes the nonlinear vehicle model including
vehicle motions and individual tire forces. Section 3
proposes an NMPC-based path tracking controller
considering the road friction limit of each tire. Section 4
validates the path tracking performance of the proposed
controller through simulation analysis. Section 5 presents
the conclusion.

2. SYSTEM MODELLING

Vehicle motions and individual tire forces are predicted
through planar vehicle models and tire models,
respectively. The longitudinal, lateral, and yaw motions
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of the vehicle on the yaw plane shown in Figure 1 are
expressed as follows(Doumiati et al., 2010):

1
= [(Fx,fl + Fx,fr) cosd + FX,TI + FX,TT

Ve =

— (Fy,fl + Fy,f‘r) sind — FD] + vx.Blj}
. 1
B= mv, [(Fepi + Fopr) sing + (Fy i + Fy pr) cos 8

: 2
+Fy,rl+Fy,rr]_lp ( )

Izlﬁ = lf[(Fy,fl + Fy,fr) COS(6) + (Fx,fl + Fx,fr) Sln(6)]
—(Fyy + Fypr) + w(Fy gy sin 6
— Fy 1088 3)
- x,rl) + W(Fx,fr cos §
—Fyprsiné + F )

where vy, B, 1/), m, I, lf, L., w6, E, E, and Fp are
longitudinal velocity, side slip angle, yawrate, vehicle
mass, vehicle moment of yaw inertia, distance from
vehicle center of mass to front axle, distance from vehicle
center of mass to rear axle, half of vehicle width, wheel
steering angle, longitudinal tire force, lateral tire force,
and air drag force, respectively. In the planar vehicle
model, it is assumed that only the front wheels are steered,
and the steering angles of the left and right wheels of the
front axle are the same.

It is assumed that the moment inertia of the wheels is
negligible and left and right brake pressures are equally
applied. It is also assumed that the left and right brake

1)
\\r—)
\\
Fy, f
E v.fl
Ly
L
lr A Fx,rl
F y,rlt
« -~ N

Figure 1. Planar vehicle model and relative pbsitions to
desired path
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forces are equal(Gray et al., 2012). Then, the longitudinal
forces of each wheel are distributed with a constant front-
to-rear ratio A and expressed as:

A
Fx,fl = Iy fr = E[max + (Fy.fl + Fy_fr)5 + FD] (4)

-2
Fert = Forr = ——[max + (Fy 1+ Fy )8 + Fp] - (5)
The lateral tire forces are modeled through a brushed
tire model that expresses the nonlinearity of the tire in the
high slip region (Svendenius et al., 2009).
2

( y__Co
| Cotan(a;) 3uF

ce
Fy - { + 9
vt 27u2F};

: [tan(a;))| tan(a;) ...

Z,l

3uF,;

Co ) (6)

tan®(a;), la;| < tan‘l(

3uF,;
Ule,i sgn(a;), la;| >tan™! (%)
0
i=fl, fr,rl, rr
where C, is linear cornering stiffness and yu is the road
friction coefficient. The tire slip angles « that generate
tire forces are defined as follows, and are approximated
due to the relatively large longitudinal velocity.
vy + ler le .
ap = ag = tan™? <u> =B+ villl -4 N
X

X

vy — L\ _ [ g
T )= B - le 3
where v), is lateral velocity of vehicle.

The vertical forces on each wheel change due to the
load transfer and are expressed as:

ay = a,, = tan™? <

Fpp = z(lfl:_ ™) mg — 2(::*‘_’ ™ ma, + gpma,
L heg
B = 2@ + )™ " 20, + 1) ™ T M o)
Fpp = Z(Ifli ™) mg + z(l;lc_i_g ) may + o, ma,
Forr = 2(zflf+ ™t 2(lfh )™~ ormay

Figure 2. Simplified roll dynamics model
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where a,, hg and g are lateral acceleration, height of
vehicle center of mass and gravitational acceleration. The
lateral load transfer coefficients of and o, are defined
from the vehicle roll motion as follows(Ray, 1997):

1 K hre L,
=— + L (heg — h
(Uf w (k(pf + kyr —mghy, L (heg = frc)

(10)
kQDT’hTC

1 l
Or =_(k k h +i(hcg _hrc)>'
W\ Kof + or — MGy L

where k¢, ko and h,.. are front and rear roll stiffness
and distance between vehicle roll center and vehicle
center of mass.

The lateral positional relationship between the desired
path and the vehicle is expressed as lateral offset error e,,
and heading angle error ey, as shown in Figure 1. Also,
station s means the longitudinal vehicle position on the
desired path. The dynamic equations of these three states
defining the position of the vehicle with respect to the
desired path are expressed as follows(Hu et al., 2015):

1

= nleoslen) ~psin(e)) (D)
€, = v(sin(ey) + B cos(ey)) (12)
€y =19 — ks (13)

where k is curvature of desired path.

Finally, we define a control-oriented model usable in
the controller. Combining all equations (1)-(13), this
model is expressed as follows:

% = fo(x(®), u(t)). (14)

State vector in (14) is x = [vx, B, 1/), S, ey, ew]T and the

input vector is u = [ax, 6f]T. To formulate the discrete
time MPC framework, the model defined in (14) is
discretized using Euler’s method with control period Ty,
as:

x(k +1) = fo(x(K), u(k)) = x(k) + f(x(k), u(i))Ts. (15)

3. NMPC DESIGN FOR ACCURATE PATH
TRACKING AND STABLE VEHICLE BEHAVIOR

The control inputs of the NMPC used in this study are
expressed as solutions of the following nonlinear
optimization problem.

N-1

. e+ 110)lg + NauGele) e,
+ ko),

min
Un(t)

(16a)
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JSubjectto (ke +11t) = fa(x(klt), u(klt))  (16b)
x(0]t) = x(t) (16¢)
u(klt) € T (16d)
u(t) = u(0lt) (16e)

where N is the number of steps of prediction horizon and
x(k|t) and u(k|t) are the predicted state vector and the
planned input vector after k time steps from time t.
Au(k|t) = u(k|t) - u(k — 1|t) is the control change
rate. The control change rate can be described as:
Au(k|t) = u(0|t) —u(k — 1) at initial time step k =
0. And, U, is the constrained input set, expressed as
equality or inequality equations for the predicted
states and the inputs. In addition, expression ||x||,
means x”Qx. The initial value of state prediction
x(0[t) is the state vector x(t), estimated or measured
online.

The cost function (16a) and constraint (16d) of the
optimization problem are expressed non-linearly due to
the non-linearity of the system model (16a). Therefore,
the optimization problem finds a solution that minimizes
the cost function while satisfying the constraints through
nonlinear programming (NLP). By solving the
optimization problem, we obtain the following optimized
control sequence at time t:

Uy (t) = {u(0]t), u(1le), ...,u(N = 1|t)}. 17)

The first element of Uy (t), i.e., u(0]t), is applied to the
system at time t.

In this study, sequential quadratic programming (SQP)
was used for NLP. SQP finds solutions to constrained
nonlinear optimization problems by solving a sequence
of quadratic programming (QP) sub-problems. In detail,
the solution of each QP sub-problem is used to linearize
and optimize the QP sub-problems in the next iteration
step. By repeating this, the solution of nonlinear
optimization converges. Through conversion to QP
problems that can be calculated very efficiently using the
active-set method, the amount of computation can be
reduced compared to other NLP solvers(Tan et al., 2018;
Zhu et al., 2016).

3.1. Cost function of NMPC

N-1
J= Zk:o 9e, (ey(k + 1|t))2 +4e, (e¢(k + 1|t))2
+71,5(86(I0)? + 71,0 (A (le))* (1B
+ 73,0, (ax (k16))*

Equation (18) is the cost function of MPC of the
proposed controller. For accurate path tracking, the
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lateral offset error e, and heading angle error ey, for the
desired path should be minimized, and the cost function
must therefore contain terms to reduce them. In addition,
the proposed controller reduces excessive changes of the
control inputs § and a,. Large change rates of the control
inputs can cause jerk, which can lead to transient
instability of the wvehicle. Finally, a penalty for
longitudinal acceleration is applied to prevent
unnecessary braking. Braking more than necessary can
infringe the driver's intentions, so it should be reduced.
The cost function for this purpose is expressed for the
current states, inputs and input rates. Overall, The weight
matrices for the state vector and input vector are
constructed as: Q = diag(0,0,0,0, e, qew) , R =

diag(ris,T,q,) and R, = diag(0,71,4,) in the cost
function of optimal problem (16).

3.2. Constraints of NMPC

The main purpose of this study is to prevent unstable
behavior due to road friction limit during control time.
For stable behavior, the controller must ensure that all
tires generate a force below the road friction limit.
Therefore, the proposed controller must satisfy the
following conditions:

1 2 2
fikle) =W\/(Fx,i(k|t)) +(Bukln) <u (19
Vk=0,1,---N-=1Vi=flfr,rl,rr

where f; is the normalized tire force of each wheel. Due
to the above constraints, the control inputs are calculated
taking into account the tire force during the prediction
horizon. Therefore, it is possible to prepare in advance
for future unstable behavior. It was assumed that the road
friction limit is known through existing estimation
methods (Khaleghian et al., 2017; Han et al., 2016; Han
et al., 2017; Ray, 1997).

Also, to reduce excessive path tracking error, the
constraints of lateral offset error and heading angle error
are set as follows:

{e}, <ey(k+ilt) <e¥
ell,, <ey(k+ilt) < e$
vVk=0,1,---N—1.

Each tire force in constraint (19) is expressed as a
function of state predictions and future inputs by (4)-(6)
and (9), and constraints(20) are also expressed through
state predictions. Since state predictions during the
prediction horizon are determined by the current states
x(t) and the input sequence through system model (16b),
constraints (19) and (20) are expressed as x(¢) and u as
follows :

(20)

h(k| )(x(t),u(klt)) <0
t vk =0, 1,"'N—1(21)
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u(k|t) € U(klt) = {ulhge(x(t),w) < 0} (22)
Vk=0,1-N-1

4. SIMULATION RESULTS

Simulations were conducted to verify the performance
of the proposed controller. The simulations used Carsim,
a high-order vehicle simulator, and the proposed
controller was designed using Matlab Simulink. In the
sub-sections, the comparison between the proposed and
existing controllers and the performance of the proposed
controller on various road surfaces are discussed. The
control parameters utilized in the simulation are shown
in Table 1; the desired path used in the simulations is
shown in Figure 3.

Table 1. Control parameters.

Parameter Value
Ts(s) 0.1
N 20
Q diag(0,0,0,0,10,10)
R, diag(30,0.01)
R, diag(0,0.0005)
e}, el (m) -0.2,0.2
ey ey (deg) 5,5
20
.
=
0
40 50 6 70 8 %

X(m)
Curvature

—\

40 60 80 100 120 140

0.05

curvature(1/m)

-0.05

station(m)

Figure 3. Desired path of simulation
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Figure 4. Vehicle behaviors and control inputs of proposed controller and the existing methods

4.1. Comparison with existing controller

The performance of the proposed controller was

verified through comparisons on a high-muroad,ie.u =  _ | .
1. The conventional controllers designed for comparison & &
g o
performs speed control and lateral control separately. The & s
desired velocity was calculated under the condition that Bos § 05
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Figure 5. Normalized tire forces of proposed controller

Figure 6. Normalized tire forces and accelerations of
conventional controller (With 0.8g acceleration limit)
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Figure 7. Vehicle behaviors and the control inputs of proposed controller on different friction surfaces
(initial speed = 60 km/h)

occurs within a certain acceleration range, assuming the
vehicle as a point mass. The lateral controller was
implemented as NMPC with same prediction time.

The vehicle states and the applied inputs for each
controller are shown in Figure 4, which shows that the
proposed controller followed the path well through the
tracking error expressed in Figure 4(c,d). The vehicle
speed represented in Figure 4(b) shows that all results
were controlled to decelerate before turning. In particular,
the proposed controller was decelerated by the constraint
(22) so that each normalized combined force represented
in Figure 5 does not exceed the road surface friction limit.
As a result, the force of each wheel was generated in a
stable area, ensuring stable path tracking of vehicle.

However, in the case of conventional controllers
performed through acceleration constraints, performance
limitations exist at high initial speed situation. The results
controlled with an acceleration constraint of 0.8 g show
that the vehicle behaved unstable due to the tire friction
limit. Although the combined acceleration shown in
Figure 6(e) occurred less than the friction limit (i.e.
Jaz + a3 < ug), the vehicle became unstable as the tire
force exceeds the road friction limit, as shown in Figure
6(c). It is due to the absence of consideration of condition
of each wheel, such as the load transfer of vehicle, the
difference in the slip angle of the front and rear tires, and
the distribution of braking between the front and rear.
Therefore, for stable path tracking, the acceleration
constraint of the conventional controller must be set too
conservatively. When controlled with a conservative

acceleration constraint of 0.5g, the vehicle accurately
tracked the desired path. However, compared to the
proposed controller, braking control was performed in
advance by about 20m or more. This means that the
required preview distance is more than that of 20 m
longer than the proposed controller. Therefore, stable
control is not possible in situations in which the vehicle
has a short preview distance or operates at a higher speed.

Normalized force (fl)
Normalized force (fr)

20 40 60 80 100 120 20 40 60 80 100 120

station(m) station(m)

(c) (d)

mu=1

mu=0.4

— — _ constraint

o
o

Normalized force (rl)
Normalized force (rr)

o

20 40 60 80

100 120 20 40 60 80 100 120

station(m) station(m)

Figure 8. Normalized combined forces of each tire on dry
and slippery road surfaces
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4.2. Comparison of different friction surfaces

The performance of the proposed controller for
different road surface conditions is shown in Figure 7.
Simulations were conducted on dry(u = 1) and slippery
surfaces (4 = 0.4) at the same initial speed (60 km/h).
Using the constraint (19), the proposed controller caused
the forces of each wheel to be less than the friction limit.
Therefore, as shown in Figure 8, the normalized
combined forces of each tire were under the road friction
limit for each situation.

On the dry road surface, sufficient lateral force can be
generated without deceleration, so only steering input
was generated, without unnecessary braking input. As a
result, the vehicle accurately followed the path at almost
constant speed. A normalized force of up to 0.85 was
generated. However, when entering a corner at the same
speed on a slippery road surface, the vehicle was not able
to generate as much lateral force as in the dry road
condition. Therefore, the controller decelerated the
vehicle in advance to satisfy constraint (19). The braking
force at that time was also less than the road surface limit.
As aresult, the road friction limit constraint was satisfied,
and the vehicle followed the desired path stably. Table 2
shows the control result values for each road surface
condition.

Table 2. Simulation results of proposed controller on
different friction surfaces (initial speed = 60 km/h)

o Max v, (km/h) Max
Situation |ey| (m) at s=70m fi

u=l 0.05 53.5 0.86

u=04 0.13 37.6 0.40

4. CONCLUSION

This study proposes a path tracking controller that
enables a vehicle to stably and accurately follow a
desired path when it enters a curved path at high speed.
The proposed controller performs not only steering
control but also appropriate braking control before
steering for high speeds that cannot be dealt with only by
steering control. The integrated braking and steering
controller was implemented through NMPC, which can
respond to future vehicle conditions using nonlinear
vehicle and tire models.

In particular, through the constraints of the NMPC, the
proposed controller ensure that the tire forces of all
wheels do not exceed the road friction limit. Therefore,
all tires operated in a stable area and, through this, the
vehicle also stably followed the desired path. In the
simulation results using Carsim, it was verified that,
compared the existing controller, the proposed controller
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can perform stable control with only a short preview
distance. In addition, stable and accurate path tracking
performance for various road surfaces was verified.

In the future work, for more reliable verification of the
proposed controller performance, real vehicle
verification will be performed. In addition, through the
development of an adaptive algorithm using real time
estimation of road friction, the performance and stability
of the estimator-based control will be analyzed.
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