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Nonlinear Torque Observer for a Self-Energizing
Clutch Actuator Using a Reaction Torque
Estimation Approach
Jinsung Kim, Member, IEEE, and Seibum B. Choi, Member, IEEE

Abstract—Clutch torque estimation is an important problem
in automotive transmission control. Particularly, a self-energizing
clutch actuator system has a novel mechanism to amplify the clutch
torque for reducing actuation energy. Instead of low energy consumption, the clutch torque is highly sensitive to the actuator
stroke, which makes the torque detection difficult. The nonlinear disturbance observer is designed such that the clutch torque is
estimated with guaranteeing asymptotic convergence by using the
actuation motor position signal. This type of observer is based on
the reaction torque estimation approach with respect to the actuator dynamics without considering vehicle driveline information.
The experimental results show that the developed method is useful to identify the load characteristics of a self-energizing clutch
actuator system.
Index Terms—Automotive system, clutch actuator, drivetrain,
nonlinear observer, torque estimation.

I. INTRODUCTION
N automotive powertrain systems, actuator control performance is the main issue in automotive transmissions during
gear-shifting and launch operation. Particularly in dry-clutch
cases, this problem is closely related to how well a clutch torque
control works [1], [2]. To obtain an effective solution of a clutch
control, the clutch torque information during engagement should
be needed for a feedback control design. However, direct clutch
torque measurement is very difficult because torque transducers
are quite expensive for practical automotive applications.
There are two approaches for clutch torque estimation in automotive systems. First, the driveline model-based approach is
well known. The speed measurements at the engine, the shaft,
and the wheel in the vehicle driveline are used to design an
observer. Sliding mode observer is employed to identify the
shaft torque [3]. Similarly, adaptive sliding observer estimates
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the turbine torque with torque converter parameters in automatic transmissions (AT) [4]. Neural network-based nonlinear
observer is suggested incorporating extended Kalman filter as
a training algorithm [5]. The shaft torque is estimated by using
driveline dynamics dividing the engagement procedure into the
stick–slip phase [6]. The major drawback of this approach is
that the generated torque is detected only when both sides of the
clutch disks remain slipping.
The second approach is to estimate a load torque in the actuator dynamics. In contrast with the driveline-based torque observer, the clutch torque during the engaged phase corresponds
to the reaction torque to the actuator. Therefore, if the motor
states and the load torque are known, the clutch torque could be
identified by actuator information. It enables us to design the
estimation system without considering vehicle driveline information. There are some researches in which electropneumatic
and hydraulic actuators are used for this approach. For electropneumatic actuators, clutch load characteristics are investigated
for preliminary study of a load estimation scheme [7]. Adaptive
observers are designed for estimation of the clutch load, the
friction coefficient, and the actuator velocity by a reduced order
type [8], and full order type [9], respectively. Based upon estimated states from such observers, a dual-mode switched control
is proposed [10], [11]. For electrohydraulic actuators, a clutch
pressure observer is developed for ATs with clutch-to-clutch
technology [12], [13]. The clutch pressure is estimated by the
design of the clutch piston motion observer [14]. Regarding disturbances as unknown inputs, the observer is designed such that
the resulting observer is input-to-state stable.
Compared with the results for clutch actuator systems
equipped with electropneumatic or hydraulic actuators, relatively little attention has been paid for electromechanical clutch
actuator systems due to the controllability problem and packaging issues. Until now, many automotive manufacturers seem
to prefer hydraulic and electropneumatic actuators due to some
practical advantages such as force multiplication, and lubrication. For these reasons, a clutch actuator system controlled by
electromechanical actuators is at an early stage.
In this paper, some effort focuses on the systematic design of
a load estimation of electromechanically controlled clutch actuator system particularly for the system that has a self-energizing
mechanism [15]. Within an actuator control framework, the nonlinear observer for estimating the load torque of the actuator
will be designed by using the motor position measurement only.
Therefore, this paper belongs to the second approach for the
clutch torque estimation.
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The control-related issue of a self-energizing clutch actuator
system (SECA) is the influence on the large reaction torque when
the clutch is in contact. It implies that the torque phase is very
short and the reaction torque exerted on the actuator has impactlike behavior. Thus, the force control design based only on
the actuator position has limitations because of its engagement
characteristic that is highly sensitive to the actuator position
near the contact point. Thus, the development of the clutch
torque observer will be useful for the purpose of the clutch
engagement control design. Further, a SECA system has a selfenergizing mechanism whose characteristic is nonlinear, and its
instantaneous transition at the contact moment is problematic.
As the second approach, the linear disturbance observer
(DOB) is one of popular methods for this approach [16]. In
DOB formulation, external disturbances are lumped into additive disturbance. Then, the inverse of the transfer function of
nominal plant and the input are filtered out by a low-pass filter
to make a compensation signal inside the control loop. This filtered output can be considered as an estimated reaction force of
the motor without force sensor [17]–[23].
However, DOB-based approach [16] has some limitation to
overcome such problems because of noise sensitivity and limited
bandwidth. Also, nonlinear DOB has been researched recently.
Disturbances are identified based on the variable structure systems without the knowledge of its upper bound [24], where the
class of applicable systems is limited. The DOB is simply designed with flexibility to be combined with a feedback controller
[25]. However, it is required to assume that disturbances are linear exogenous system. A high-gain observer is incorporated
with a sliding mode to estimate unknown inputs [26], which is
sensitive to measurement noise.
The proposed nonlinear DOB has the robust integral of the
sign of the error (RISE) structure that is a recently developed
robust control method [27]. The RISE technique has been originally considered to guarantee continuous asymptotic tracking
performance. It is highly robust against modeling uncertainties and has implicit learning characteristics [28], [29]. So, this
method has been used to identify unknown parameters and detect a fault signal in dynamic systems as stated in literature
[30] [31]. Inspired from a learning capability, a nonlinear DOB
based on the RISE technique is designed to estimate the reaction
torque of the clutch. Compared with other nonlinear approaches
[24]–[26], the proposed method can be applied for unstructured
disturbances with robustness to noise. First, we will design a
nonlinear clutch torque observer based on the actuator velocity signal. Then, as the main purpose of this paper, a nonlinear
clutch torque observer only using the position measurement
will be designed as a mean of an observer-based clutch torque
identification.
The outline of this paper is as follows. A brief overview
and the experimental setup of a SECA system are given in
Section II. For a comparison study and the illustration of the
motivating example, a linear DOB-based approach for a clutch
torque estimation will be discussed in Section III. In Section IV,
a nonlinear DOB for a clutch torque estimation is developed
with convergence analysis. The experimental results illustrate

TABLE I
DESCRIPTION OF CLUTCH ACTUATOR PARTS
No.

Name

No.

Name

A1
A2
A3
A4
A5
A6
A7
A8
A9
A10

Friction disk
Actuation plate (Rack1)
Pinion gear
Pinion guide
Fixed plate (Rack2)
Clutch cover
Damper Spring
Spline
Return spring
Bearing

A11
A12
A13
A14
A15
A16
A17
A18
A19
A20

Actuation neck
Worm shaft
Slot joint
Thrust bearing
Thruster
Transmission Input shaft
Lever
Ball screw
Electric motor
Encoder

the clutch torque estimation by the proposed method. Finally,
conclusions and future works are discussed in Section V.
II. PROBLEM FORMULATION
A. System Overview
A SECA system is recently developed as a new clutch mechanism for automated manual transmissions or dual clutch transmissions [15], [32], [33]. The schematic of a SECA system is
shown in Fig. 1 with description of each part given in Table I. It
can generate an additional force/torque to assist the engagement
of a clutch disk. The amplification ability of the engagement
torque depends on a self-energizing mechanism, which is configured by some wedge structure corresponding to the part of
A2–A5 in Fig. 1(a) and (b). Such a mechanism can be implemented by a rack and pinion gear-set that enables a system to
manipulate the clutch disk and gives a wedge structure at the
same time. Because the resulting system can be operated effectively without having a diaphragm spring of conventional
systems, some problems including the spring preload and nonlinearities are eliminated. Detailed descriptions of the operation
principle of this mechanical system can be found on [15].
B. System Model
Since the actuation plate motion is very small in comparison
with the motion of the motor rotor, it is assumed that the clutch
disk built in the actuation plate is rigidly connected with the
motor. Based upon this setting, the clutch actuator model can be
derived with respect to the motor states. The following secondorder model is utilized to describe the system dynamics based
on the study [15]:
J¯m ω̇m + qωm + Tf (ωm ) + Tl (θm , μ) = pu

(1)

where J¯m is the equivalent moment of inertia, Tf is the motion
friction, Tl is the load torque, and auxiliary variables p and q
are defined as
Ja
J¯m  Jm + 2 ,
Ng

p

kt
,
Rm

q

kt km
Rm
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SECA system: (a) Side view of the system structure. (b) Schematic of the system model. (c) Experimental prototype.

TABLE II
PARAMETERS AND VARIABLES FOR THE MODEL
Symbol
Jm
θm
ωm
kt
km
Rm
Ng
Ja
ka
rp
α
μ
Rc
Fn
Tc

Name
Moment of inertia of the motor
Motor position
Motor velocity
Motor torque constant
Back emf constant
Motor resistance
Equivalent gear ratio
Moment of inertia of the actuation plate
Stiffness of actuator mechanical part
Pinion radius
Inclined surface angle (wedge angle)
Disk friction coefficient
Clutch disk radius
Clutch normal force
Clutch torque

This is trivial that the clutch torque can be parameterized as the
actuator stroke in order to find the clutch torque characteristic
[10], [11], [34]
In (4), the auxiliary function kb (μ) is defined for notational
simplicity as

Unit
kg·m2
rad
rad/s
N·m/A
V·s/rad
Ω
kg·m2
N·m/rad
m
deg
[0.27, 0.45]
m
N
N·m

ξ(μ)  2rp tan α − μRc

(5a)

kb (μ)  ξ(μ)(2rp kp tan α)

(5b)

where (5a) accounts for the clutch torque gain generated
by a self-energizing mechanism, and (5b) implies the stiffness
with respect to the rotational motion of the actuation plate. As
shown in Fig. 1, the force balance in the steady state can be
represented as
Ta = 2rp tan αFn − μRc Fn
= ξ(μ)Fn

respectively. In (1), the motion friction model Tf (ωm ) depending only on the velocity is given by
Tf (ωm ) = σ1 tanh (σ2 ωm ) + σ3 ωm

(2)

where the Coulomb friction coefficient is given by σ1 and σ2 ,
and σ3 is the viscous friction parameter. The control input u in
(1) is the applied voltage to track the desired actuator position
trajectory. The controller used in this paper is the same as in
[13] because we only study the observer design rather than the
clutch controller. The other parameters and variables are given
in Table II.
Let us briefly introduce the load torque model in (1). The load
torque Tl (θm , μ) in (1) is represented as
Tl (θm , μ) = r(μ)θm

where Ta is the actuator driving torque so that the clutch normal
force can be expressed as a function compliance between the
motor and the mechanical subsystem


θm
ka
Fn =
− θa .
(7)
ξ(μ) Ng
Considering a geometric relation, the actuator stroke xp in Fig. 1
toward the engine flywheel can be defined as
xp = 2rp (tan α)θa

(8)

and the clutch normal force is generated with actuator stiffness
kp as
Fn = kp xp .

(3)

where this actuator load can be parameterized by the equivalent
stiffness r(μ) with respect to the motor position θm defined as


kb (μ)
ka
r(μ)  2
.
(4)
Ng kb (μ) + ka

(6)

(9)

Using (6)–(9), the relationship between the motor position θm
and the actuation plate position θa is given by
θa =

ka
θm
Ng (kb (μ) + ka )

(10)
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and the normal force is expressed as


kb (μ)
ka
Fn =
θm .
ξ(μ)Ng (kb (μ) + ka )

(11)

Since the load torque Tl is equivalent to Tl = Ta /Ng , combining
(6) and (11) yields the compact form (3) and the relationship
Tl (θm , μ) = r(μ)θm =

ξ(μ)
ξ(μ)
Fn =
Tc
Ng
μRc Ng

(12)

where (6) and Tc = μRc Fn are used. Note that if the clutch
system does not have the self-energizing mechanism such that
α = 0, (12) simply becomes Tl = −Tc /Ng , which is the same
as the case of traditional clutch system. For the detailed process,
one can refer to the result [15], [33].
The state-space representation for the system (1) is given as
follows:
ẋ1 = x2

(13a)


1 
ẋ2 = ¯ pu − qx2 − Tf (x2 ) + d(t)
Jm

(13b)

where x = [x1 , x2 ]T = [θm , ωm ]T ∈ R2 , and d(t) is the
lumped unknown disturbance corresponding to the clutch torque
load to the actuator, i.e.,
d(t) = −

Tl (x1 , μ)
.
J¯m

(14)

Although the load torque can be parameterized as in (3), it is
highly uncertain due to a clutch wear, temperature change, and
material properties, which may lead to the actuator load torque
variation. Thus, this reaction load of the actuator is taken into
account as unknown time-varying disturbance d(t) in (13b) and
(14). Combining (12) and (14) yields the clutch torque that is
the function of the actuator load
μRc Ng J¯m
d.
(15)
Tc = −
ξ(μ)
C. Experimental Setup
To validate a developed observer which will be introduced in
the next section, a SECA system was set up in the driveline test
bench as shown in Fig. 2. The driveline bench for verifications
comprises a AC motor for automotive engine, a SECA system,
a driveline shaft, and an equivalent vehicle inertia mass. In this
test bench, the torque and speed sensors are used to measure the
clutch torque and the shaft speed, respectively. It should be noted
that since the direct measurement of the clutch torque is very
difficult due to the physical limitation, the torque/speed sensors
is installed at the shaft between the AC motor (engine) and the
clutch. All data measurements from sensors in the experimental
bench are acquired by using dSPACE MicroAutobox DS1401,
where the sampling time is set to 1 ms.
For the clutch torque estimation, the proposed scheme will
make use of the motor position measured from the incremental encoder having the resolution of 0.026º/revolution. The
other measurements from sensors are used only for a validation
purpose.

Fig. 2. Driveline Test Bench with the SECA system: (a) Experimental setup.
(b) Experimental system blocks diagram.

D. Objective
Since industrial manufacturers do not prefer the use of expensive torque sensors to transmission systems, a clutch torque
observer should be required for control design and monitoring
by utilizing the actuator dynamics.
The objective of this paper is to build a nonlinear observer
for identifying the clutch torque of a SECA system, which
corresponds to the reaction load of the actuator. The value of
Tl (θm , μ) of (1) implicitly includes the engagement torque and
uncertain effect when the clutch comes into contact. Although
the clutch torque is obtained by (11), it is difficult to find an
accurate value because kb (μ) is uncertain in real time. In a practical point of view, it seems intuitive that the value of Tl (θm , μ)
in (1) can be identified as a reaction load of the actuator. Thus,
the proposed method requires that the actuator model is known,
and the set of parameters should be identified accurately. The
SECA system characteristics, modeling, and identification have
been investigated in the preliminary study[15]. The available
measurements are the motor voltage as an input, and the motor
position as an output.
The main scope is the estimation methodology of a clutch
torque. Thus, we assume that the position control in [15] is well
adapted for the observer development in this paper. Rigorously,
this assumption is acceptable because the semiglobal separation principle for nonlinear systems make it possible to deal
with an observer problem without considering the plant stability
[35], [36].
III. CLUTCH TORQUE ESTIMATION BASED ON A LINEAR DOB
A. Linear DOB-Based Approach
In this section, a classical linear DOB is employed to design
the reaction torque observer whose result corresponds to an
equivalent clutch torque [17], [37]. The block diagram of this
approach is shown in Fig. 3. From the result based on [17], [37],
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(a)

(b)

Fig. 3. Block diagram of the clutch torque observer based on the reaction
torque observer.

(c)

the clutch load torque can be obtained as
T̂l =

a 
pn u + aJ¯m n x2 − Tf (x2 ) − aJ¯m n
s+a

(16)

where a denotes the cutoff frequency of the reaction torque
observer designed by the DOB, and J¯m n and pn are nominal
values of actual variables of J¯m and p, respectively. Note that
the velocity x2 is obtained from the numerical calculation of the
position measurement x1 in this approach.
B. Experimental Results
The clutch engagement test to validate of (16) is performed.
Fig. 4(a) shows the speed synchronization between the engine
(AC motor) and the vehicle (equivalent inertia) while the actuator position profile for a clutch contact in Fig. 4(b) is tracked
by the SECA system. This engagement process in a launch case
is divided into two stages: the torque phase when the clutch is
contact but not slipping and the inertia phase when the clutch
is slipping and the torque and kinetic energy are actually transferred to the shaft. The target actuator position corresponds to
the torque value of 108 N·m.
The experimental result is shown in Fig. 4(c). The cutoff
frequency a of the reaction torque observer is set to 60 rad/s.
After 3.8 s, the steady-state value can be estimated successfully.
However, the reaction behavior right after the clutch engagement
cannot be captured effectively.
Remark 1: In a SECA system, the clutch torque is amplified
by self-energizing effect from a wedge structure. This system
can be interpreted as a high-stiffness mechanical system equivalently [15], where the contact motion from the free motion
goes through hard environment. Therefore, the clutch torque
during a contact transient period is highly sensitive to the actuator stroke. To estimate such a type of disturbance, an observer
system should have the capability of transient performance recovery.

Fig. 4. Experimental results of clutch torque estimation by the reaction torque
observer based on the DOB approach: (a) Driveline shaft speeds. (b) Position
sequence of the clutch. (c) Clutch torque results.

In the LDOB approach, the major limitation is that transient
performance of disturbance estimation is not recovered rather
than the noise sensitivity [38]. Increasing the bandwidth of the
LDOB regardless of measurement noise cannot solve this problem. As a result, estimation performance of a clutch torque
during the engagement has been restricted. This motivates us to
develop a nonlinear DOB that will be introduced in the subsequent section.
IV. NONLINEAR CLUTCH TORQUE OBSERVER
For a nonlinear torque observer design study, the velocity
signal-based observer is first introduced under which both actuator position and velocity signals are available. Then, the position
signal-based DOB will be proposed thereafter.
A. Velocity Signal-Based Nonlinear Torque Observer (VTOB)
The VTOB is designed with the velocity signal obtained from
numerical differentiation of the position measurement. The following assumptions are made.
Assumption 1: There exist positive constants ρ1 and ρ2 such
that given disturbances are twice continuously differentiable
˙
and have bounded derivatives with respect to time, i.e., |d(t)|
<
¨
< ρ2 .
ρ1 , |d(t)|
Assumption 2: The control input is bounded, i.e., u(t) ∈ U
for t ≥ 0, where U is a compact set in R.
Assumption 1 represents the condition for applying a nonlinear DOB that will be determined later. These parameters depend
on the first and the second derivatives of a lumped disturbance.
They correspond to the rate and the jerk limit of the clutch load
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torque at the motor side. By using (14), the upper bounds ρ1 and
ρ2 can be obtained as follows:
|Ṫl |
˙
|d(t)|
= ¯ < ρ1 ,
Jm

|T̈l |
¨
|d(t)|
= ¯ < ρ2
Jm

(17)

where Tl is a function of the actuator position and the mechanical properties as defined in (3). Note that it can easily be verified
experimentally in the clutch load torque measurement. Assumption 2 says that the control input is bounded for all nonnegative
time within a compact set. Since the separation principle for observer design does not hold in nonlinear systems, such a setting
guarantees the existence of the solution trajectory of the proposed observer with a plant dynamics. In addition, the nominal
system dynamics with the initial condition x(0) is known for
observer design.
For the system (13), the velocity observer is given as

1 
ˆ
x̂˙ 2 = ¯ pu − qx2 − Tf (x2 ) + d(t)
Jm

˙
dˆ = (k0 + 1)r1 + k1 sgn(e2 (t)).

(24)

With (20), the time derivative of (23) is written as
˙
ṙ1 = d˙ − dˆ + ė2 .

(25)

The estimation error system can be rewritten by substituting
(24) into (25) as
ṙ1 = d˙ − (k0 + 1)r1 − k1 sgn(e2 (t)) + ė2 .

(26)

Now, the following theorem states the convergence of the nonlinear DOB (21). This procedure is inspired from the RISE
development [27].
Theorem 1: Under Assumptions 1 and 2, the estimated disturbance dˆ in the auxiliary observer system (18) converges to
the value d in the actual plant (13) in the sense that

(18)

ˆ = −Tl (θm , μ)/J¯m = −r(μ(0))θm (0)/J¯m . Alwhere d(0)
though disturbance d(t) depends on the actuator position, it
is often inaccurate because the contact point of the clutch disk
in uncertain. Hence, the reaction torque of the clutch is taken
into account as a lumped disturbance d.
Let e2 ∈ R be the velocity estimation error between (13) and
(18), i.e.,
e2  x2 − x̂2 .

By taking the time derivative of (21), it can be shown that

ˆ → d(t)
d(t)

t→∞

as

(27)

if the nonlinear observer gains in the VTOB (21) are chosen as
k0 > 0,

k1 > ρ1 + ρ2

(28)

where ρ1 and ρ2 are given in Assumption 1.
Let P1 (t) ∈ R be a positive function defined as
t

P1 (t) := ζdv −

N1 (τ )dτ

(29)

0

(19)

Using (13) and (18), the time derivative of the error can be
written as

˙ and N1 (τ ) ∈ R is a function
where ζdv := k1 e2 (0) − e2 (0)d(0)
defined as

ė2 = d − dˆ =: d˜

N1 (t)  r1 d˙ − k1 sgn(e2 (t)) .

(20)

where d˜ is the disturbance error as defined earlier. It is clear
that the error dynamics of the auxiliary velocity observer is
equivalent to a nonlinear function of the disturbance estimation
error under Assumptions 1 and 2 hold.
The nonlinear DOB dˆ ∈ R based on a RISE technique [27]
is designed as
t

ˆ =
d(t)

In this step, we show that P1 in (29) is positive with N1 in (30)
and the derivative of unknown disturbance d is canceled by the
design parameter k1 . Together with definition (23), integration
of (30) from 0 to t yields
t

t

N1 (τ )dτ =
0

0

0

+

0

+ (k0 + 1)e2 (t) − (k0 + 1)e2 (0)

μRc Ng J¯m ˆ
d.
ξ(μ)

(21)

(31)

The first term at the right-hand side in (31) can be integrated by
parts. And, the second term is also integrated. Then, we have
t

˙ − e2 (0)d(0)
˙ − k1 e2 (t) + k1 e2 (0)
N1 (τ )dτ = e2 (t)d(t)

0
t

(22)

+

e2 (τ ) d˙ − d¨ − k1 sgn(e2 (τ )) dτ.(32)

0

This implies that the clutch torque estimate in (22) including
the self-energizing effect represented by ξ(μ), the lever effect,
and parametric uncertainties is dynamically compensated from
dˆ calculated from (21). For the subsequent analysis, the filtered
estimation error r1 ∈ R is defined as
r1  ė2 + e2 .

e2 (τ ) d˙ − k1 sgn(e2 (τ )) dτ.

0

where sgn(·) is a standard signum function, and k0 and k1 are
design parameters to be determined. Based on (12), (14), and
(15), the clutch torque estimate can be obtained from
T̂c = −

ė2 (τ )k1 sgn(e2 (τ ))dτ
0

t

k1 sgn(e2 (τ ))dτ

t

˙ )dτ −
ė2 (τ )d(τ

t

(k0 + 1)e2 (τ )dτ +

(30)

(23)

Using the definition of ζdv , (32) is upper bounded by
t

˙ − k1 + ζdv
N1 (τ )dτ ≤ |e2 (t)| d(t)

0
t

+
0

˙ + |d|
¨ − k1 dτ.
|e2 (τ )| |d|

(33)
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By applying the sufficient condition (28), the square bracket
terms in (33) can be eliminated so that N1 (t) satisfies the following inequality:
t

N1 (τ )dτ ≤ ζdv .

(34)

0

This result clearly shows that there exists a positive function
P1 (t) in (29). Consider a positive definite Lyapunov function
candidate V1 (e2 , r1 , t) ∈ R
V1 (e2 , r1 , t) =

1 2 1 2
e + r + P1 (t).
2 2 2 1

(35)

(36)

V̇1 (e2 , r1 , t) = e2 (r1 − e2 ) + [ė2 − (k0 + 1)r1 ] r1
+ Ṗ1 (t) + r1 d˙ − k1 sgn(e2 (t)) . (37)
Using (23) and the fact that the time derivative of (29) is Ṗ1 (t) =
−N1 (t), the expression (37) is rewritten as
V̇1 (e2 , r1 , t) = −e22 − k0 r12 − N1 (t)
(38)

By definition (30), the last two terms are canceled each other,
and the expression (38) is reduced as
V̇1 (e2 , r, t) = −e22 − k0 r12 ≤ 0.

x̂˙ 1 = x̂2 + γ(t)

(40a)


1 
ˆ
x̂˙ 2 = ¯ pu − qx̂2 − Tf (x̂2 ) + Lγ(t) + d(t)
Jm

(40b)

t

dˆ =

t

(k0 + 2)e∗2 (τ )dτ +

k1 sgn(e∗2 (τ ))dτ

0

+ (k0 + 2)e∗2 (τ ) − (k0 + 2)e∗2 (0)

Substituting (23) and (26) into (36) yields

+ r1 d˙ − k1 sgn(e2 (t)) .

encoder and may lead to the noise sensitivity issue. Therefore,
the design of a clutch torque observer on the motor position
measurement only is very important from the practical point
of view. In the following, we propose a nonlinear PTOB as an
extension to the VTOB. The PTOB has the following form:

0

The time derivative of V̇1 is obtained as
V̇1 (e2 , r1 , t) = e2 ė2 + r1 ṙ1 + P˙1 (t).
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(39)

From (35) and (39), e2 and r1 ∈ L∞ . It is clear that ė2 ∈ L∞ ,
and e2 , r1 ∈ L2 . Since the condition (28) is satisfied and
Assumption 1 holds, it follows that d˙ ∈ L∞ . Therefore, the
estimation-error dynamics (26) is bounded so that ṙ1 ∈ L∞ .
From this observation, V̇1 (e2 , r1 , t) is uniformly continuous.
Barbalat’s lemma can be used to show that V̇1 → 0. It implies
that e2 → 0 and r1 → 0 as t → ∞. Based on the definition (20),
it can be concluded that dˆ → d.
Remark 2: The construction of the auxiliary velocity observer (18) aims at designing a disturbance estimator (21). The
initial error e2 (0) of the estimated velocity may cause a peaking
ˆ Therefore, the initial value
signal of the disturbance estimate d.
x̂2 (0) should be carefully chosen. Since the actuator system is
initially at rest, x̂2 (0) can be easily selected as zero.
Remark 3: Theorem 1 gives the sufficient condition (28) for
gains k0 and k1 . Some knowledge of the actuator dynamics can
be utilized as a known part of the observer. The gain k1 is only
considered for rejecting the disturbance estimation error. From
Assumption 1, it is clear that the knowledge of ρ1 and ρ2 for
determining k1 can be obtained from the clutch torque rate and
its derivative.
B. Position Signal-Based Nonlinear Torque Observer (PTOB)
A velocity measurement of mechanical systems is problematic due to the limitation of the production cost. Further, numerical differentiation requires higher resolution of the position

(40c)

where L is a positive constant, k0 and k1 are design parameters
for disturbance estimation, respectively. Note that γ(t) is the
state observer injection to be designed later. As in the VTOB
case, the estimated clutch torque T̂c is calculated from (40c)
with the relationship (22). Let the estimation error be e := x −
x̂ ∈ R2 . From (13) and (40), the observer error dynamics is
expressed as
ė1 = e2 − γ(t)

(41a)

˜
ė2 = − q̄e2 − T̃f (x2 , x̂2 ) − Lγ(t) + d(t)

(41b)

where q̄ = q/J¯m , T̃f (x2 , x̂2 ) = [Tf (x2 ) − Tf (x̂2 )]/J¯m , d˜ =
ˆ and e∗ is defined as {e∗ ∈ R|(e1 , e2 ) = (0, e2 )}. The
d − d,
2
2
injection γ for the state observer part is first designed such that
the output estimation error e1 becomes zero. Then, the error
system is evolved on the set A = {e ∈ R2 |(e1 , e2 ) = (0, e2 )}.
The gain L in (41b) plays a role of stabilization of e2 dynamics
when the error system (41) belongs to A. Notice that the design
of L depends on the other parameters that will be introduced
later.
The disturbance is identified from the signal e∗2 . Here, the
question is how to obtain the signal e∗2 ∈ A. In this case, e∗2 is
not available directly while the position is measurable only. The
idea to solve this problem comes from an equivalent control
method in sliding control theory [39], [40]. It is a technique for
obtaining the solution of differential equations of slow motion
that is obtained by a large feedback gain that is injected into fast
motion system [39]. In this case, the output error dynamics (41a)
is taken into account as fast dynamics while (41b) describe slow
motion relatively. When applying a high-gain feedback γ to the
dynamic error system (41), the trajectory of the error dynamics
reaches the set A. Since the motion of the solution is relatively
slow in A, it can be taken by solving a low-pass filter [40] so
that e∗2 is obtained from
ė∗2 = − e∗2 + Lγ(t)

(42)

where is a design parameter for determining the bandwidth of
the filter.
To analyze the error convergence, we introduce a nonsingular
coordinate transformation ξ  T e with

1 0
T 
(43)
−L 1
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defined as
ξ1 = e1

(44a)

ξ2 = e2 − Le1

(44b)

where ξ = [ξ1 ξ2 ]T with ξ1 ∈ R and ξ2 ∈ R. In the transformed coordinate, the observer error dynamics (41) is described
by
ξ˙1 = ξ2 + Lξ1 − γ(t)

(45a)

ξ˙2 = − (q̄ + L)Lξ1 − (q̄ + L)ξ2 − T̃f + d˜

(45b)

where β1 is a certain positive constant. The following theorem
states the convergence of overall estimation error dynamics of
the PTOB.
Theorem 2: Under Assumptions 1 and 2, the position-based
observer presented in (40) ensures that the state estimation error
x̃ and d˜ converge to zero in the sense that
ξ1 , ξ2 , r2 , and d˜ → 0

where the domain of the compact set D can be made large
arbitrarily by k0 for the initial condition and the trajectory of
the plant dynamics if the gain k1 satisfies

where the state observer injection γ(t) is designed as
γ(t) = φ1 e1 (t)

k1 > ρ1 + ρ2

and

r2∗

and k0 and φ1 satisfy the relationship (56) and (58).
Lemma 1: If the condition (59) holds for k1 with sufficiently
small in (42), then the following inequality for the integral of
N2 defined in (53) can be satisfied:

(47)

t

∈ R is similarly defined as

N2 (τ )dτ ≤ ζd

(60)

0

r2∗ (t)  ξ˙2∗ + ξ2∗

(48)

on a set A. After utilizing (48) based on (40c), the time derivative
of dˆ is
ˆ˙ = (k0 + 2)r∗ (t) + k1 sgn(ξ ∗ (t)).
d(t)
(49)
2
2
˙ x, ẋ) + ξ˙2 + d˙ − dˆ˙
ṙ2 (t) = Ḟ2 (ξ, ξ,

(50)

˙ x, ẋ) = −(q̄ + L)Lξ˙1 − (q̄ + L)ξ˙2 − T̃˙f . Subwhere Ḟ2 (ξ, ξ,
stituting (49) into (50) yields
˙ x, ẋ) + ξ˙2 + d˙
ṙ2 (t) = Ḟ2 (ξ, ξ,
2)r2∗

−

k1 sgn(ξ2∗ ).

where ζd is defined in (54). The proof of the Lemma 1 is
given in Appendix. The following proof is for Theorem 2.
Proof: Consider the composite vector v ∈ R4 defined as
√
(61)
v  [z T P ]T
where z ∈ R3 is defined in (55). Let V2 (v, t) ∈ R be a positive
definite Lyapunov function candidate

The time derivative of (47) is given as

− (k0 +

(59)

(46)

with a positive constant φ1 for state estimation injection gain,
and d˜  d − dˆ is the disturbance estimation error. Let r2 ∈ R
be the filtered estimation error defined as
r2 (t)  ξ˙2 + ξ2

∀v(0) ∈ D

V2 (v, t) =

1 2 1 2 1 2
ξ + ξ + r + P2 (t)
2 1 2 2 2 2

which satisfies the inequalities
U1 (v) ≤ V2 (v, t) ≤ U2 (v)

(51)

For the subsequent convergence analysis, an auxiliary function
P2 (t) ∈ R is defined as

(62)

(63)

where U1 (v)  0.5 v 2 and U2 (v)  v 2 are continuous positive definite functions. Taking the time derivative of (62) is
V̇2 (v, t) = ξ1 ξ˙1 + ξ2 ξ˙2 + r2 ṙ2 + Ṗ2 .

(64)

t

P2 (t) := ζd −

N2 (τ )dτ

(52)

0

where N2 (τ ) ∈ R and ζd are defined as


˙ ) − k1 sgn(ξ ∗ (τ ))
N2 (τ )  r2 d(τ
2

ζd  k1 e∗2 (0) − Lk1 e1 (0) − e2 (0)d˙2 (0).

˙ x, ẋ)
V̇2 (v, t) = ξ1 (ξ2 + Lξ1 − γ) − ξ22 + r22 + r2 Ḟ2 (ξ, ξ,
(53)

(2 + k0 )2 2
ϕ1
ϕ2 
2
1
φ1 ≥ + L + ϕ22 + β1
2

(65)

(55)

where the last terms in the bracket and the term N2 are canceled each other based on (52) and (53). Adding and subtracting
(k0 + 2)r22 to (65) yields

(56)

˙ x, ẋ)
V̇2 (v, t) = ξ1 ξ2 + ξ1 (Lξ1 − γ) − ξ22 + r2 Ḟ2 (ξ, ξ,

And, some parameters are defined such that
ϕ1 > (q̄ + L)L + L

− N2 − (k0 + 2)r2 r2∗ + d˙2 (τ ) − k1 sgn(e∗2 (τ ))

(54)

The augmented vector z ∈ R3 is defined as
z  [ξ1 ξ2 r2 ]T .

Along with the trajectory of (45) with (47), (51) and (52), the
expression (64) is rewritten as

(57)

+ (k0 + 2)r2 (r2 − r2∗ ) − k0 r22 − r22 .

(66)

From the definitions (47) and (48), it follows that
(58)

r2 − r2∗ = ξ˙2 − ξ˙2∗ + ξ2 − ξ2∗ .

(67)
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From (44b) and (45b) with the definition {ξ2∗ ∈ R|(ξ1 , ξ2 ) =
(0, ξ2 )}, (67) is divided into
ξ˙2 − ξ˙2∗ = −(q̄ + L)Lξ1
ξ2 −

ξ2∗

(68)

= −Lξ1

(69)

where ξ˙2∗ and ξ2∗ can be obtained from (45b) and (44b) with
ξ1 = 0, respectively, (67) can be rewritten as r2 − r2∗ = −[(q̄ +
L)L + L]ξ1 . Therefore, the following inequality can be developed:
|r2 − r2∗ | ≤ −ϕ1 |ξ1 |

(a)

(70)

˙ x, ẋ) is conwhere ϕ1 is selected to satisfy (56). Since Ḟ2 (ξ, ξ,
tinuously differentiable, there exists a positive, globally invertible, nondecreasing function ρ(·) ∈ R such that
˙ x, ẋ) ≤ ρ( z ) z .
Ḟ2 (ξ, ξ,

(b)

(71)

Using (70), (71), and the fact that ξ1 ξ2 ≤ (1/2)ξ12 + (1/2)ξ22


1
1
V̇2 (v, t) ≤ −γξ1 +
+ L ξ12 − ξ22 + r2 ρ( z ) z
2
2
(72)
(c)

+ ϕ1 (k0 + 2)|r2 ||ξ1 | − k0 r22 − r22 .

Fig. 5. Experimental results of clutch torque estimation by velocity signalbased observer.

Using the following upper bound:
1
ϕ1 (k0 + 2)|r2 ||ξ1 | ≤ ϕ22 ξ12 + r2
2

(73)

where ϕ2 is defined in (57), and the applying γ as in (46), the
expression (72) is upper bounded as follows:


1
1
1
V̇2 (v, t) ≤ − φ1 − − L − ϕ22 ξ12 − ξ22 − r2
2
2
2
+ r2 ρ( z ) z − k0 r22 .

(74)

The state observer gain φ1 can be selected to satisfy the inequality (58). Completing the square for the last bracket term in (74)
and the gain selection in (58) yield
1 2
V̇2 (v, t) ≤ − βz z +
ρ ( z ) z
4k0

2

(75)

where βz = min{β1 , 1/2}. Let U (v) be a positive semi-definite
function, and D ⊂ R4 a domain containing v(t) = 0 defined as



.
(76)
2k0 βz
D := v(t) ∈ R4 | v ≤ ρ−1
It follows from (75) that V̇2 (v, t) ≤ −U (v) for v ∈ D defined in
(76). Based on (62) and (75), it can be shown that ξ1 (t), ξ2 (t),
and r2 (t) ∈ L∞ in D. From (45), (49), and Assumption 1, ξ˙1 (t),
ξ˙2 (t) ∈ L∞ in D. From (47), (49), and (50), it can also be shown
that ṙ2 ∈ L∞ in D. Since ξ˙1 (t), ξ˙2 (t), and ṙ2 ∈ L∞ in D, U (v)
is uniformly continuous in D.
Let S ⊂ D be a compact subset defined as



2 
2k0 βz
(77)
S := v(t) ∈ D | U2 (v) < Ψ1 ρ−1
where the size of this domain depends on any initial conditions
and the DOB gain k0 . Theorem 8.4 in [41] can be used to show

the semiglobal error convergence in the sense that
c z

2

→0

t→∞

∀v(0) ∈ S.

(78)

Based on (55), the statement (78) implies that
ξ1 , ξ2 , and r2 → 0

t→∞

∀v(0) ∈ S.

(79)

From the definition of (47) and (50), the following conclusion
is the immediate consequence of (79):
d˜ → 0

t→∞

∀v(0) ∈ S.

(80)


C. Experimental Results
As mentioned before, the controller used for observer validation in this paper is the same in [13] for tracking the desired
actuator position trajectory.
1) VTOB: To verify the proposed estimation methods, clutch
engagement experiments are performed. The same actuator profile and the driveline data set in Section III-B are used to compare
the result with the linear DOB case. Fig. 5 shows the torque estimation result by VTOB with the tuning parameters given in
Table III. Based on (14), the estimated value obtained is scaled
by the equivalent moment of inertia of the motor. Even though
the estimated torque value corresponds to the actual one qualitatively, the resulting signal has too much noise and some spikes
on the signal are observed. This is mainly due to the fact that
the velocity signal is obtained from the numerical differentiation of the position measurement. It is undesirable because the
estimated torque is contaminated by noise. As a result, it can
be shown that the VTOB is effective when the velocity measurement is very accurate.
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TABLE III
OBSERVER DESIGN PARAMETERS

TABLE IV
MAXIMUM AND AVERAGE ERRORS FOR THE CLUTCH TORQUE OBSERVERS
IN THE ENGAGED PHASE (3.52 ≤ t ≤ 12)

Parameter

VTOB

PTOB

L
φ1
k0
k1

−
−
0.69
10 −3
−

1.2
4.2
1.8
0.02
0.016

Estimation error

Fig. 6. Experimental results of clutch torque estimation by position signalbased observer: (a) Driveline shaft speeds. (b) Position sequence of the clutch.
(c) Clutch torque estimation. (d) Velocity estimation.

2) PTOB: The results of the PTOB is shown in Fig. 6. In
Assumption 1, The upper bounds ρ1 and ρ2 depend on the clutch
torque rate and its derivative which are selected by the specified
control input such that |Ṫl | = 0.14 N·m/ms and |T̈l | = 0.001
N·m/ms2 . With this and (12), it can be determined that ρ1 =
0.44 and ρ2 = 3.13e-4 under which the control implementation
were performed at the sampling time of 1ms.
Based on this setting, the gain tuning process can be summarized as follows. Initially, L and ϕ1 are chosen based on given
system parameters, (56), and (57). Then, φ1 can be computed
from (58). However, a conservative Lyapunov-based analysis

Average error [N·m]
Maximum error [N·m]

DOB

VTOB

PTOB

22.13
140.87

21.50
129.62

18.88
96.95

leads to the high gains of φ1 and k1 . If the estimated value
exhibited overshoot at the initial period, the smaller φ1 and k1
were selected iteratively. As a result, some gains do not satisfy
the sufficient conditions provided in Theorem 2. Table III shows
the selected design parameters.
Compared with the VTOB, the velocity estimation can be
obtained additionally as shown in Fig. 6(d). Also, the PTOB
achieves superior torque estimation performance than the VTOB
case. In Fig. 6(c) for Theorem 2, the engagement torque can
be identified without noise problems. As shown in Fig. 6(c),
measuring the shaft torque to indirectly obtain the clutch torque
may yield the delayed response whose extent depends on the
torque sensor quality. The use of the proposed observer can also
solve this problem without any extra cost.
3) Comparative Study: The maximum and average estimation errors are investigated in Table IV for a comparison study.
The validity domain for observer verifications is considered in
the time duration of 3.52 ≤ t ≤ 12, where the clutch is engaged
and the kinetic energy of the engine (AC motor in this setup)
is transferred to the vehicle inertia. The experimental data in
Table IV shows that the PTOB results in the reduced estimation
error compared with other methods.
In the VTOB, the velocity signal of the actuator is utilized
as a correction term. As shown in Theorem 1, the VTOB has
global convergence of the estimation error dynamics under Assumptions 1 and 2 hold. It implies that the VTOB in (18) and
(21) can identifies unknown disturbance as a clutch torque when
the velocity signal is available.
On the other hand, the PTOB additionally requires the velocity estimation because a given system does not allow full state
measurement in practice. In other words, the PTOB enables the
velocity signal to be reconstructed as well as the clutch torque
as an unstructured disturbance is estimated.
This additional estimation of the actuator velocity results
in reducing the noise sensitivity. The VTOB (21) utilizes the
feedthrough term e2 (t) including the velocity measurement
x2 (t) so that the disturbance estimate dˆ is corrupted by noise.
The PTOB (40c) uses e∗2 (t) that is obtained from a low-pass filter (42) based on the equivalent control-like method. Thus, the
noise filtering capability of the PTOB can be adjusted from the
design parameter in (42). The torque estimation result shown
in Fig. 6(c) shows that the noise is well suppressed.
However, such a setting makes the PTOB system even more
complex compared with the VTOB. Theorem 2 shows that the
PTOB guarantee the semiglobal convergence. The region of
attraction can be defined as S in (77), which is a compact subset
of D ensuring the error convergence of the PTOB. The gain
k0 turns out to be the design parameter to adjust the size of
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Fig. 7. Experimental results of clutch torque estimation by position signalbased observer when the ac motor is rotating in reverse for the case of the
self-de-energizing effect: (a) Driveline shaft speeds. (b) Position sequence of
the clutch. (c) Clutch torque estimation.

domain of the error convergence verified in (76) and (77). The
larger size of domain can be obtained arbitrary by increasing
k0 . However, k0 should be carefully chosen with considering
relationship (56)–(58).
It is also interesting to see the engine brake situation, where
the torque direction is reversed. Particularly for the SECA system, the ac motor rotating in reverse can describe the engine
brake situation indirectly. Also, this is equivalent to the selfde-energizing case in the SECA system. The clutch torque by
reverse torque transmission is also identified by the reaction
torque estimation of the actuator.
In this case, the clutch slip is excessive because certain amount
of the applied torque is reduced by the self-de-energizing effect.
Thus, the estimated torque in this case is less than the selfenergizing case. Fig. 7 shows that the clutch slip occurs because
the applied torque is reduced by the self-reenergizing effect. The
measured and the estimated torque are small in order to achieve
the clutch speed synchronization. The torque is estimated well
because the proposed observer is just based on the actuator
reaction torque.
4) Parametric Study: To discuss the robustness with respect
to parametric uncertainties in the nominal model, the estimation
performance is investigated with parameter variations of the motion friction function Tf (ωm ) in (1). When the nominal values
of σ2 and σ3 in (2) are increased up to 20%, these variations do
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not affect the estimation performance as shown in Figs. 8(b) and
9(b). There are only slight variations that are not significant.
Fig. 8(a) and 9(a) show the effect of σ1 variation increasing
up to 20% from the nominal value. The VTOB in Fig. 8(a)
shows that the result is robust against the modeling uncertainties.
However, it is still highly sensitive to noise.
The PTOB with uncertain model yields the torque estimation
error of 20% as shown in Fig. 9(a). Since the velocity estimate is
obtained from the part of the state observer, the modeling uncertainty gives rise to erroneous state estimations. As a result, the
disturbance, which is identified based on the velocity estimate,
becomes erroneous as well. Therefore, the system model should
be accurate for utilizing the PTOB.
Remark 4: In our experimental setup, there is a short time
delay between the estimated torque and the actual value. It is
caused by indirect measurement of the clutch torque, which is
calculated from the shaft torque while the clutch is slipping.
This is originated from the fact that the small amount of shaft
torsion in the initial period of a clutch slip is not detectable
because its quantity depends on the specified sensor resolution.
However, it is sufficient to verify the clutch torque from this
configuration for the validation purpose. In automotive manufacturers, the clutch torque of a dry-friction disk is also indirectly
validated by the drive shaft torque measurement due to the cost
and physical limitation of sensor installation. In Figs. 5–9, it has
been shown that the estimated torque converged to the measured
shaft torque after the clutch makes contact with. Generally, it is
important that the clutch torque is physically meaningful after
the dry-frictional disk slip occurs.
Remark 5: The clutch torque characteristics can be interpreted with respect to the actuator stroke. Therefore, the resulting estimate of the clutch torque can be obtained without the
effect of the driveshaft compliance. It is extremely useful as
real-time torque information for the torque characteristic curve
update. Because such torque characteristics are defined in the
actuator layer, the torsional mode at the driveshaft is not necessary [34].
To estimate the effect of the driveshaft torsional stiffness and
damping, it is better to consider the driveline model-based approach, where the transmitted torque in clutch can be identified
based on the engine torque. A more detailed description can be
found on our recent study [42].

V. CONCLUSION
A nonlinear DOB is designed to estimate the clutch torque
of a SECA system. The proposed method is applicable to other
manipulator systems that require asymptotic convergence of the
state and the unknown inputs. This observer provides the estimated velocity as well as the reaction torque at the same time in
which the actuator position signal is used only. Since the proposed observer can be used to monitor the reaction torque after
the clutch makes contact, the PTOB plays the role of a balanced
type torque sensor for actuator. This is the advantage of this
approach compared with the driveline based-torque observer
[3]–[6], [43] that is only available while the clutch is slipping.
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Fig. 8.
values.

Clutch torque estimation by velocity signal-based observer with uncertain parameter: 8(a) σ 1 , 8(b) σ 2 and σ 3 increased up to 20% from the nominal

Fig. 9.
values.

Clutch torque estimation by position signal-based observer with uncertain parameter: 9(a) σ 1 , 9(b) σ 2 and σ 3 increased up to 20% from the nominal

In future works, a sensorless engagement control of a SECA
will be developed by utilizing the proposed reaction torque observer. It may be helpful to reduce the impact force at the contact
moment. The parameter design issues for selecting the observer
gains need to be considered along the control gains.

˙ + d(t)
¨ − k1 sgn(ξ ∗ (t)) is used for notawhere R(t) := d(t)
2
tional simplicity. Adding and subtracting the terms
t

t

ξ˙2∗ (τ )k1 sgn(ξ2∗ (τ ))dτ + ξ2∗ d˙ +

0

ξ2 (τ )R(τ )dτ

(84)

0

to (83) and some algebraic manipulations yield the expression
t

APPENDIX
PROOF OF LEMMA 1

˙ + ξ ∗ (t)d(t)
˙ − ξ2 (0)d(0)
˙
N2 (τ )dτ = (ξ2 (t) − ξ2∗ (t))d(t)
2

0

The integration of N2 in (53) is given as
t

t

N2 (τ )dτ =
0


˙ ) − k1 sgn(ξ ∗ (τ )) dτ.
r2 (τ ) d(τ
2

−



(81)

−

0

0

0

0

0

+
0

0

0

t

t
0

0

˙
˙ − ξ2 (0)d(0)
N2 (τ )dτ ≤ −Le1 d(t)
t

ξ2 (τ )R(τ )dτ

ξ2∗ (τ )R(τ )dτ. (85)

0

˙ − ξ2 (0)d(0)
˙
N2 (τ )dτ = ξ2 (t)d(t)
ξ˙2 (τ )k1 sgn(ξ2∗ (τ ))dτ +

t

In (42), the low-pass filter is employed to obtain ξ2∗ signal. When the is chosen to be small sufficiently, it follows
that lim →0 ξ2∗ = Lφ1 ξ1 . It is clear that ξ2 − ξ2∗ = −Lξ1 and
sgn(ξ2∗ ) = sgn(Lφ1 ξ1 )
t

The first term of (82) can be integrated by parts.

t

dξ2∗ (τ )
k1 sgn(ξ2∗ (τ ))dτ
dτ

(ξ2 − ξ2∗ )R(τ )dτ +

+

t
dξ2 (τ ) ˙
N2 (τ )dτ =
ξ˙2 (τ )k1 sgn(ξ2∗ (τ ))dτ
d(τ )dτ −
dτ
0
0


t
˙ ) − k1 sgn(ξ ∗ (τ )) dτ.
+
ξ2 d(τ
(82)
2

−

t

t

t

t

d(ξ2 − ξ2∗ )
k1 sgn(ξ2∗ (τ ))dτ
dτ

0

Using the definition (47), (81) can be rewritten by
t

t

(83)

+
0

d(Lξ1 )
k1 sgn(Lφ1 ξ1 )dτ −
dτ
(ξ2∗ − Lξ1 )R(τ )dτ.

t
0

dξ2∗
k1 sgn(ξ2∗ )dτ
dτ
(86)
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After integrating the third and fourth terms in (86), the expression (86) is rewritten as


t
˙ − k1
N2 (τ )dτ ≤ (ξ2∗ − Lξ1 ) d(t)
0
t

+

(ξ2∗ − Lξ1 )R(τ )dτ + ζd

(87)

0

where ζd is defined in (54). If k1 satisfies the condition (59) and
is sufficiently small, it can be concluded that (60) holds.
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